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1 Topic Cauchy's Integral Formulae CO3.PO2
1.1 | Pre-requisite Complex Numbers, Complex Functions, Complex Differentiation,
Topics Contour Integration, Singularities and Laurent Series, Residue Theory.
Basic Theorems of Complex Analysis, and Fundamental Theorems from |
Real Analysis.
1.2 | Learning The study of Cauchy's Integral Formula equips you with a deeper
Outcomes understanding of complex analysis and provides powerful tools for

evaluating integrals and understanding the properties of analytic

functions. Here are the learning outcomes that you can expect to achieve |

by studying Cauchy's Integral Formula:

a. Understand the Concept of Analytic Functions
e Outcome: You will gain a solid understanding of analytic
(holomorphic) functions, which are central to complex
analysis. You'll learn about the conditions under which a
function is analytic and how these functions behave in the
complex plane.
o Key Knowledge: The Cauchy-Riemann equations, which

provide the necessary conditions for a function to be analytic. E
and the significance of these functions in relation to contour !

integration.
b. Master the Application of Contour Integration
e Outcome: You will learn how to compute contour integrals of
complex functions over closed paths. Specifically, you will
understand how Cauchy's Integral Formula relates contour
integrals of analytic functions to the evaluation of function
values at points inside the contour.
« Key Knowledge: The relationship between contour integrals and
the behavior of analytic functions inside and outside the contour.
c. Apply Cauchy's Integral Formula to Evaluate Complex Integrals
¢ OQOutcome: You will be able to apply Cauchy’s Integral
Formula to evaluate complex integrals, especially integrals of
analytic functions where the integrand has a simple pole or other
singularities.

o Key Knowledge: The formula's ability to express the value of a

function at a point inside a contour in terms of an integral around
the contour.

f(a)=1/2nilc{f(z)}/{z-a} dz

« You'll also be able to compute integrals of functions using
complex residue theory. ‘

d. Learn to Use Cauchy’s Integral Formula for Function Evaluation

o Outcome: You'll develop the ability to evaluate analytic

functions at a point inside a closed contour using the integral

around that contour. This “is particularly useful for deriving
properties of functions in both theoretical and applied contexts.

o Key Knowledge: Understanding how to apply the formula in

specific scenarios, such as when dealing with rational functions,




¢. Understand Singularities and Their Role in Integral Calculations

« Outcome: You will gain a deeper understanding of the role of
singularitics (like poles and essential singularitics) in complex
analysis and how Cauchy’s Integral Formula can be used to
study functions near these singularities.

* Key Knowledge: The relationship between singularities and the
residue calculus used in evaluating complex integrals. You will
also learn how Cauchy’s formula helps handle integrals around
singularities, giving insights into their behavior.

f. Develop Problem-Solving Skills with Practical Examples

* Outcome: You will improve your ability to solve complex
integrals in a wide range of applications, particularly in
electromagnetic theory, fluid dynamics, quantum mechanics,
signal processing, and mathematical physics.

» Key Knowledge: The skill to approach and solve real-world
problems by reducing them to contour integrals, allowing you to
apply Cauchy’s Integral Formula in practical settings.

g. Gain Insight into the Relationship Between Analyticity and Path
Independence

e Outcome: You will understand the connection between
analyticity of a function and the path independence of contour
integrals. This is a fundamental result of Cauchy’s Integral
Theorem and has important consequences for the evaluation of
integrals in complex analysis,

» Key Knowledge: Path independence in contour integration and
its implications for evaluating integrals of analytic functions
over closed loops. which also links to Cauchy’s Integral
Theorem.

b. Learn to Derive Higher-Order Derivatives Using Cauchy’s
Integral Formula

* Outcome: You will be able to use Cauchy’s Integral Formula
to derive higher-order derivatives of analytic functions at a
point.

o Key Knowledge: The formula for the nnn-th derivative of a
function fff at a point aaa inside the contour:

{(a)=n!/2xi[c{f(z)}/{(z-a)"{n+1} } dz

 This extends the use of Cauchy's Integral Formula to compute
derivatives and solve problems involving derivatives of complex
functions.

i. Strengthen Conceptual Understanding of the Complex Plane

» Outcome: You will gain a deeper conceptual understanding of
the complex plane and the role of contour integration in
analyzing functions within this plane.

+ Key Knowledge: The significance of closed contours, the use of
Jordan’s curve theorem, and how the complex plane is
partitioned into regions based on analyticity and singularities.

j. Apply the Formula in Real-World Contexts (Physics,
Engineering, Finance) .

¢ Outcome: By understanding Cauchy's Integral Formula, you'li

be able to apply it to solve practical problems in areas such as




electrical engineering, signal processing, fluid mechanics, and
quantum physics. These applications ofien involve evaluating
integrals that model physical systems.

e« Key Knowledge: How to apply thc formula to compule
quantities such as polentials, electric fields, and even option
pricing medels in financial mathematics.

1.3 | Activities/ Interactive lectures, Audio/Video, Individual/Group discussion, To do,
Teaching and | Feedback, Homework
Learning
Strategies (TS1,TS2, TS3, TS4)
(TLS)
1.4 | Reading Complex Variables, Schaum’s Outline Series by Murray R. Spiegel,
Seymour Lipschut, John J. Schiller and Dennis Spellman (2™ Edition);
Chapter 5- Cauchy’s Integral Formulae and Related Theorems; Page 5.1
1.5 1} Resources Some of resources are:
' » Complex Variables, Schaum’s Outline Scrics by Murray R.
Spiegel, Seymour Lipschut, John J. Schiller and Dennis Spellman
(2™ Edition)
» Complex Analysis by A. K. M. Shahidullah
e Complex Analysis by Prof Dr. M. F. Rahman
e Internet
1.6 | Historical The historical background of Cauchy's Integral Formula is a rich and
Background significant chapter in the development of complex analysis, with

contributions from several key mathematicians leading to its

formalization. Below is an outline of the historical evolution of |-

Cauchy's Integral Formula, highlighting the pivotal moments and
figures involved.

a. Early Developments in Complex Function Theory (17th - 18th
Century)

o The study of complex numbers dates back to the 17th century.
with Rene Descartes and John Wallis recognizing the existence
of complex numbers in algebraic equations, though their
interpretation was far from modern.

e Gottfried Wilhelm Leibniz (1646-1716) and Isaac Newton
(1643-1727) contributed to the foundations of calculus, which is
vital for understanding complex functions.

e During this period, Euler (1707-1783} introduced important
concepts that are fundamental to modern complex analysis, such
as Euler's formula e™ =cosx+isinx and the understanding of
exponential functions.

b. The Birth of Complex Analysis (Early 19th Century)

o The study of analytic functions in the complex plane really
began to take shape in the early 19th century.

o Augustin-Louis Cauchy (1789-1857), one of the most
influential figures in the history of complex analysis, was
instrumental in formalizing the theory of complex functions. His
work laid the groundwork for many fundamental concepts in the
field, including the ideas of contour integration, residues, and
analyticity.

¢. Cauchy’s Early Contributions (1820s - 1830s) -

e Cauchy first introduced the idea of contour integration and

developed the Cauchy-Riemann equations (which describe the




conditions under which a function is analytic) in the 1820s and
1830s. His work on complex functions was groundbreaking.

o In 1825, Cauchy published his famous "Cours d'Analyse"
where he established the first comprehensive formulation of
complex analysis, including the properties of holomorphic
functions.

o The Cauchy-Riemann equations (formulated independently by
Karl Riemann in the mid-19th century) became fundamental to
the study of analytic functions, and they were crucial in the
formulation of Cauchy's Integral Theorem.

d. Cauchy’s Integral Theorem and Formula (1830s - 1840s)

o In the 1830s, Cauchy developed the Cauchy Integral Theorem,
which states that the contour integral of an analytic function
around a closed curve in a simply connected domain is zero.
This result is the basis for Cauchy’s Integral Formula.

o Cauchy’s Integral Formula itself was presented in 1837. The
formula provided a powerful method to evaluate integrals and
compute the values of analytic functions at points inside a closed
contour, stating that:

flay=1/2nic f(z)}/{z-a} dz

where f is analytic inside and on the contour C, and a is a point
inside the contour.
e. Impact of Cauchy’s Work

 Cauchy’s results revolutionized the study of analytlc functions.
Before his work, methods for handling complex integrals and
evaluating functions were relatively undeveloped. His
discoveries about contour integration and analytic functions
provided the tools needed to solve a wide range of problems in
mathematical physics, including the study of fluid dynamics,
clectromagnetic theory, and potential theory.

o The Cauchy Integral Formula became one of the most
important tools in complex analysis, offering a way to calculate
function values, derivatives, and integrals for functions that are
analytic in a given region.

f. Further Development in the 19th and Early 20th Centuries

o Karl Weierstrass (1815-1897) and Bernhard Riemann (1826-
1866) expanded on Cauchy’s work, with Riemann contributing
significantly to the geometric and topological understanding of
Riemann surfaces and holomorphic functions.

o The Residue Theorem and the concept of poles were also
developed during this period, with Cauchy’s work serving as a
basis for further exploration of singularities and their role in
contour integration.

g. The Generalization of Cauchy’s Formula (20th Century)

o In the 20th century, the development of more advanced topics in
complex analysis, such as multivariable complex analysis and
functional analysis, further generalized Cauchy's Integral
Formula and linked it to broader areas of mathematics.

« Henri Poincaré, Elie Cartan, and others worked on extending
Cauchy’s integral results to more generalized settings, including
higher-dimensional complex spaces and generalized analytic
functions.




Complex analysis also found applications in other areas such as
mathematical physics, quantum mechanics, and signal
processing, where Cauchy's Integral Formula continued to play
a key role.

h. Modern Contributions

In the modern era, Cauchy’s Integral Formula and related
results continue to be foundational tools in mathematical
physics, engineering, and other applied fields.

The formula is used to solve problems in fields such as
electromagnetism, fluid dynamics, acoustics, and control
theory, where it is used to compute potentials, fields, and
responses.

Furthermore, Cauchy’s Integral Formula has become a key
method in numerical analysis, helping to evaluate integrals that
are otherwise difficult to compute.

1.7

Applications

Cauchy's Integral Formula is a powerful tool in complex analysis with
broad real-life applications across multiple fields, particularly in
mathematical physics, engineering, and signal processing. Below are
some of the key real-life applications of Cauchy’s Integral Formula and
how it helps solve practical problems in various disciplines:

a. Electromagnetic Theory (Potential Theory)

Application: In electromagnetism, many problems involve
calculating the electric potential due to charged distributions.

The Cauchy Integral Formula can be used to compute the |

potential at a point inside a distribution of charge by integrating
along the boundary of the region of interest.

Example: Consider a charged ring or a sphere with a
distribution of charge. Using Cauchy's Integral Formula, the
electric potential at any point inside the region can be computed
by transforming the problem into a contour integral, simplifying
the complex geometry.

Impact: This method helps solve complex electrostatic problems
that would be very difficult using purely algebraic methods.

b. Fluid Dynamics

Application: Cauchy’s Integral Formula is used in fluid
dynamics to solve problems involving potential flow. In
particular, it aids in the calculation of velocity potentials and
stream functions for incompressible flow around objects.
Example: When studying the flow around a cylinder or an
airfoil, Cauchy’s Integral Formula is employed to calculate the
velocity field inside and around the object. This approach
simplifies the analysis of complex flow patterns by
transforming them into contour integrals.

Impact: The ability to compute velocity potentials using
complex functions helps engineers design efficient flow systems,
such as aerodynamics for aircraft or hydrodynamics for ships
and submarines.

¢. Signal Processing

Application: In signal processing, Cauchy's Integral Formula
plays a crucial role in evaluating Fourier transforms and
solving problems related to filtering and signal reconstruction.
The formula helps in transforming complex integrals into
simpler forms, especially in cases involving Laplace




transforms or Z-transforms.

Example: When analyzing continuous-time signals, the
Laplace transform is often used to convert time-domain signals
into the complex plane. Cauchy’s Integral Formula can be used
to compute the values of these transforms, facilitating the
analysis of signal behavior in both the time and frequency
domains.

Impact: This application is widely used in communications
(e.g., digital signal processing), audio and image compression,
and filter design for efficient data transmission.

d. Quantum Mechanics

Application: In quantum mechanics, Cauchy’s Integral
Formula is used to solve problems involving wave functions
and Schridinger's equation. It helps in calculating the Green’s
function, which is important for understanding the behavior of
quantum particles in a given potential.

Example: In the study of quantum tunneling and particle
motion within potential fields, Cauchy’s Integral Formula is
used to compute the propagator (Green's function) at a specific
point inside a potential well. This allows 'physicists to
understand how a quantum particle moves or interacts with a
potential barrier.

Impact: Cauchy’s Integral Formula is a key tool in solving
problems related to wave propagation, scattering theory, and
quantum field theory, which are central to modern physics.

e. Control Theory (System Dynamics)

Application: In control theory, Cauchy's Integral Formula
helps to analyze and design dynamic systems by examining
their Laplace transforms or transfer functions. It is
particularly useful in calculating the stability and response of
systems.

Example: When designing a feedback control system, the
transfer function of the system is analyzed in the complex plane.
Cauchy’s Integral Formula is used to compute system behavior
by evaluating complex integrals associated with the transfer
function. It also helps in  system identification and in
calculating the residues for stability analysis.

Impact: This application is widely used in robotics, automated
systems, and signal processing for system control, especially in
analyzing the system's response to different input signals.

f. Optics and Wave Propagation

Application: Cauchy’s Integral Formula is used to solve
problems related to the propagation of light waves and other
types of electromagnetic waves. The formula can be used to
compute wave amplitudes and analyze how waves interact with
materials or propagate through different media.

Example: When studying the behavior of light passing through
optical fibers, Cauchy’s Integral Formula helps compute the
wave function at various points within the fiber. It is used to
understand phenomena such as diffraction, interference, and
reflection. .
Impact: This method helps in the design of optical systems like
lasers, lenses, and fiber-optic communication systems.

| g. Financial Mathematics




e Application: Cauchy’s Integral Formula is used in financial

mathematics, particularly in the evaluation of option pricing
models. The formula is used to compute integrals that arise in
the context of derivatives pricing and stochastic processes.

o Example: In models like the Black-Scholes equation for

pricing options, Cauchy’s Integral Formula helps in deriving
Green’s functions and solving integral equations that model
stock prices and their stochastic behavior over time.

o Impact: This technique is crucial in the development of

financial models, particularly in the pricing of options, bonds,
and other financial instruments in the context of derivative
markets.

h. Vibration Analysis (Mechanical Engineering)

o Application: In mechanical engineering, especially in vibration

analysis, Cauchy’s Integral Formula is used to calculate the
response of structures to external forces. This is particularly
important in systems involving vibrations or waves in structures
like bridges, buildings, and machines.

o Example: In analyzing the vibrations of a beam under a

dynamic load, Cauchy’s Integral Formula helps in evaluating the
mode shapes and resonant frequencies of the system. The
method allows for efficient computation of the mechanical
system’s response to forces.

o Impact: This application is critical in ensuring the structural

integrity of buildings, bridges, and mechanical components
subjected to vibrations and dynamic forces.

i. Image Reconstruction in Medical Imaging

o Application: Cauchy’s Integral Formula is used in medical

imaging techniques, particularly in computed tomography
(CT) and magnetic resonance imaging (MRI). It helps
reconstruct images from scanned data by converting raw data
into a usable image through integral formulas.

e Example: In MRI and CT scans, data collected from various

angles around the body are processed using Fourier
transforms. Cauchy’s Integral Formula aids in reconstructing
the images by solving the integrals associated with the
transform.

e Impact: This application is crucial for producing high-

resolution medical images, which help doctors diagnose and
treat patients more effectively.

1.8 | Definitions Some of useful definitions are:
a. Cauchy's integral formulae S-5.1
b. Morera’s theorem or converse of Cauchy theorem S-5.1
¢. Cauchy inequality S-5.1
d. Fundamental theorem of algebra S-5.2
e. Gauss’ mean value theorem S-5.2
f. Maximum modulus theorem S-5.2
g. Minimum modulus theorem ° S-5.2
h. The argument theorem S-5.2
i. Rouche’s theorem S-5.2
j. Possion’s integral formulae for a circle S-5.2
k. Poisson’s integral formulae for half plane S-5.3
1.9 | Geometrical Some of geometrical representations are:




Representations

a. Cauchy's integral formulae S-5.1

1.10 | Theorems Some of theorems are:
a. State and prove the Cauchy integral formula. S-5.1, 5.3
1.11 | Properties Some of properties are:
a. Cauchy's integral formulae S-5.1
b. Morera’s theorem or converse of Cauchy theorem S-5.1
c. Cauchy inequality S-5.1
d. Fundamental theorem of algebra S-5.2
1.12 | Problems Some problems are:
a. If f(Z) be analytic inside and on the boundary C of a simple
connected region IR prove that
"o (z a) . §-5.4-52
b. If f (Z) be analytic inside and on the bouncary C of a simple
connected region IR > prove that
7 (a)= <§ /(= ?ﬁldzn 0.1,2,-
27i & (z-a) . $-5.5-5.3
c. Evaluate:
(ﬁsm 7z% +cos rz*
i. (z-1)(z-2) $-5.6-5.5(a)
eZz
CJS 7dz where C isthecircle |z] =1
g o=+ $-5.6-5.5(b)
3z%+z . ..
_f s—— dz where C isthecircle |z—1|=1
i, o< $-5.7-5.7
1.13 | Sample Some of sample questions are:.
Questions a. Expanding the Cauchy’s integral formula, appraise the integral | Remember
2z (CD),
Cﬁ d >dz where C isthecircle |z =1. U"?grzsmd
),
c(z+1) Apply
Marks | CO | PO BL KP Kloe
5 3 2 | C2,C3,C5 WK4 (C4),
Evaluate
- (C3),
b. What do you mean by the Cauchy’s integral formula? Expending | Create
Cauchy’s integral formula, appraise the integral (€6
2
J‘3ZZ T2 & where C isthecircle |z—-2|=
cZ
Marks | CO | PO BL KP
5 3 2 [ C2,C3,C5 WK4
1.14 | Others Exercise: Chapter 5- Cauchy’s Integral Formulae and Related Theorems
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