Summary

Everyday life is full of decisions that involve some kind of inference to the likelihood of events. We carry an umbrella if we think it is likely to rain, and seek medical advice if we fear we are ill. Since these decisions can sometimes be crucial, how good we are at estimating likelihood is a central psychological enquiry. For example, one might have to face the critical information presented in Problem 1 (Table 1). 
The standard normative model for this kind of inference is Bayes’s Theorem. This estimates a posterior (or conditional) probability (e.g. of actually having breast cancer after a positive mammography) from the prior probability of each single event (the event of having breast cancer, and the event of having a positive mammography) and the reverse likelihood (having a positive mammography when actually having breast cancer). According to Bayes’s Theorem, in the described conditions, only 7.8% of the women that receive bad news do actually have breast cancer. However, more than 95% of physicians solving this problem estimated the probability to be over 70% (Eddy, 1982).
It is a well-established finding that this kind of Bayesian problem is better solved when presented in terms of absolute frequencies rather than single-event probabilities or percentages (e.g. Cosmides & Tooby, 1996; Gigerenzer & Hoffrage, 1995). For example, when the breast cancer problem is phrased as in Problem 2, nearly half of the naive reasoners gave the Bayesian correct response (Gigerenzer & Hoffrage, 1995). 






Table 1. Some Bayesian problems with different formats

Problem 1. “Normalized percentages” (from Eddy, 1982):
The probability of breast cancer is 1% for a woman at age forty who participates in routine screening. If a woman has breast cancer, the probability is 80% that she will have a positive mammography. If a woman does not have breast cancer, the probability is 9.6% that she will also have a positive mammography. A woman in this age group had a positive mammography in a routine screening. What is the probability that she actually has breast cancer? ____%

Problem 2. “Natural frequencies” (from Gigerenzer & Hoffrage, 1995): 

10 out of every 1,000 women at age forty who participate in routine screening have breast cancer. 8 of every 10 women with breast cancer will get a positive mammography. 
95 out of every 990 women without breast cancer will also get a positive mammography. 
Here is a new representative sample of women at age forty who got a positive mammography in routine screening. How many of these women do you expect to actually have breast cancer? ___out of ___.

Problem 3. “Number of chances” (from Girotto and Gonzales (2001, Study 1):

A person who was tested had 4 chances out of 100 of having the infection.
3 of the 4 chances of having the infection were associated with a positive reaction to the test.
12 of the remaining 96 chances of not having the infection were also associated with a positive reaction to the test. Among 100 people who have a positive reaction to the test, the proportion that has the infection will be equal to ___ out of ___.



There has been considerable debate about the reasons for this apparent superiority of frequency formats. As Chase, Hertwig, and Gigerenzer (1998, p. 211) have put it: “Human cognitive algorithms for this type of inference, if they exist, are most likely designed to operate on numerical information in the form in which humans have gathered it over evolutionary history: natural frequencies, that is, absolute frequencies that have not been normalized with respect to the base rates”.
Contrary to the main prediction from the frequentist field, several articles have reported situations in which no ‘facilitation effect’ of frequencies over probabilities was found (Evans et al. 2000; Fiedler, Brinkmann, Betsch, & Wild, 2000; Girotto & Gonzales, 2001; Macchi, 2000; Macchi & Mosconi, 1998). For example, Girotto and Gonzales (2001, Study 1) compared a frequency-format problem to a probability problem expressed in ‘number of chances’ (Problem 3), which matched the structure of the frequency problem. They found no differences in the percentage of correct responses. Hoffrage and his colleagues (Hoffrage, Gigerenzer, Krauss, & Martignon, 2002) responded to this criticism by arguing that some of these authors used normalized frequencies instead of natural frequencies and that some of them used tricks to close the gap between probabilities and natural frequencies. For the frequentist approach, natural frequencies are the result of natural sampling, which is the way our species has encountered statistical information during millennia. Natural frequencies are not normalized, and this means the question should not refer to a new set of people with a positive reaction to the test, but to the same set described before. According to Gigerenzer and Hoffrage (1995), Bayesian reasoning with natural (i.e. absolute) frequencies involves fewer steps of mental computation than relative frequencies or probabilities (see also, Howson & Urbach, 1993; Macchi & Mosconi, 1998). Some studies have demonstrated that this sort of computational simplification might also be obtained by other means than natural frequencies (Evans et al. 2000; Fiedler et al. 2000; Macchi, 2000). However, it could be argued (as Hoffrage et al., 2002 have done) that in these experiments probability formats mimic natural sampling.
For the frequentist approach, natural frequencies are the cause of facilitation and not just one of the possible ways to simplify computation in Bayesian problems. If a module or algorithm of mind exists that has evolved to compute frequencies but not probabilities, the facilitation should occur in any kind of probability problem and its effect should be stronger than nonessential contextual factors. Otherwise, the frequency format could both facilitate and hinder reasoning. This point is not trivial. If natural frequencies are the cause of facilitation, it could be inferred that people are rational both in principle and in practice for this kind of reasoning, and errors should be attributed to an artifact of the presentation format. But if the effect of natural frequencies can be both positive and negative it cannot be claimed that people are “good intuitive statisticians” (Cosmides & Tooby, 1996), at least in practice.
According to evolutionary psychologists (Cosmides & Tooby, 1996; Gigerenzer & Hoffrage, 1995), the human mind has evolved to process information in the format it is acquired in the real world (with examples ranging from “animal foraging to neural networks” (Gigerenzer & Hoffrage, 1995). The frequentist proposal establishes a misleading parallel between information gathering and information representation. However, it is not necessary to assume ‘a priori’ such a parallelism. An example can be found within the domain of neural networks, cited by Gigerenzer & Hoffrage 1995 as an illustration of sequential information gathering. Although neural networks do gather information in a sequential way, they represent that information in an amodal distributed probabilistic way (Bishop, 1997; Hinton, McClelland, & Rumelhart, 1986). In such a system, there would be an unnecessary computational cost associated with a frequentist representation. Furthermore, developmental and trans-cultural studies about number representation suggests less sophisticated systems as candidates for evolved core number systems (Dehaene, 1992, 1997; Feigenson, Dehaene, & Spelke, 2004). Although some controversy about the details remains, the proposed number systems are all decidedly too simple to deal with the relative complexity of a specialized system that deals with frequencies, as proposed by the frequentists. In any case, from the fact that the sequential nature of frequency formats can correspond to that of information acquisition through natural sampling (Gigerenzer & Hoffrage, 1995) it does not follow that the same correspondence can be found at the information representation and manipulation levels.
The whole representation format discussion is fairly complex and a number of confoundings and misinterpretations appeared throughout (Brase, 2002; Brase & Barbey, 2006; Girotto & Gonzales, 2002; Hoffrage et al., 2002; Johnson-Laird, Legrenzi, Girotto, Sonino-Legrenzi, & Caverni, 1999). There is little discussion about the role of factors such as semantic disambiguation (Hertwig & Gigerenzer, 1999; Nickerson, 1996) and clarification of the reference class (Gigerenzer, Hoffrage, & Kleinbölting, 1991). The critical issue remains the confounding between computational complexity and a special evolutionary status of frequencies. The trouble with using Bayesian problems to demonstrate the advantage of natural frequencies over other types of statistical data presentation is the severe problems found when attempting to disentangle the influence of mathematical complexity from data representation format.
Here we tried to throw some light on the discussion. We used simple and posterior probability experiments, and controlling the complexity by different means we showed how representation format is not an adequate discriminator. Things like reference class and arithmetic complexity can perfectly explain all the results found in the literature with a higher level of detail and prediction capability. Also, we showed, although less emphatically, how the evolutionary arguments defended by the frequentists are an unnecessary addition for the study of probability calculus.
The dissertation is divided in two parts. In the first part (experiments 1, 2 and 3) we used simple probability problems and in the second part (experiments 4, 5, 6 and 7) posterior probability problems. The experiments in the first part showed no relevant effect related to the representation format (natural frequencies/probabilities) and a strong and significant effect of a contextual factor as Instructions-Response Matching, explainable by computational complexity and Mental Models.
In the second part, again, computational complexity allowed predict the results, leaving an explanation based on representation format unnecessary and even contradictory with our findings. Furthermore, we found an important correlation between a cognitive capacity (Cognitive Reflection Test) and the accuracy in the classical Bayesian problems, which goes against the strong evolutionary claims found in the frequentist literature.


Conclusions

These results pinpoint some flaws in the main frequentist prediction. Not only did participants not perform better with natural frequencies than with probabilities but in fact, contextual factors such as I-R matching were found to be crucial for their performance and other factors as reference class and arithmetic complexity became clearly more necessary than representation format to explain the subjects responses. However, several ad hoc allegations could be made in defence of the frequentist approach:
A problem with the computational complexity hypothesis is the confounding we referred to in the introduction. If the only testable proposition of Gigerenzer and his colleagues is that when Bayesian problems are worded in a format that simplifies computation (with natural frequencies, ‘number of chances’, etc) the problems are better solved by the participants, there is not much to say to that. That multiplication is easier with Arabic numbers than with Roman numbers is not something new in the 21st century (see, Hoffrage et al., 2002). But while computational simplification seems the only testable proposition of their proposal, the frequentist papers are replete with other propositions concerning cognitive evolution. For example: “The evolutionary argument that cognitive algorithms were designed for frequency information, acquired through natural sampling, has implications for the computations an organism needs to perform when making Bayesian inferences.” (Gigerenzer & Hoffrage, 1995, p. 686). If our participants’ cognitive algorithms were “designed” for frequency information, it is hard to explain why they did not make the most of this when solving our frequency tasks. Moreover, we should keep in mind that they not only failed to take advantage of the frequency format; but their performance was significantly better with I-R matching (as compared to no I-R matching) in simple probability problems and we were able to create probability conditions where the subjects performed better with probabilities… it was a matter of the arithmetic complexity. 
An allegation in defence of the frequentist approach could be that that simple frequencies (those reflecting simple probabilities) are not natural frequencies. Although this would then count against the evolutionary origin attributed to natural frequencies. Not many things about our cognitive system’s past can be taken for granted. However it is an analytic truth that each time one of our ancestors encountered the frequencies needed for a Bayesian probability, he or she should have encountered three simple frequencies.
When proposing something as an adaptation it is important to show that the alternative hypothesis cannot account for the current evidence (Andrews, Gangestad, & Matthews, 2003; Williams, 1966). It is also important to note the possibility of exaptation, particularly in the cognitive domain (Andrews et al., 2003) where, for example, neural networks present an option where a single learning mechanism can lie behind a number of different cognitive mechanisms (Kruschke, 1992).
The main concern with the frequentist hypothesis, as we have noted, is the difficulty to empirically disentangle it from its alternative, namely, the complexity hypothesis. Everyone agrees that frequency formats make computation easier in many situations (particularly in Bayesian problems). The empirical evidence shows that, in general, accuracy is higher in Bayesian problems stated in terms of natural frequencies. The problem lies in that these problems are also easier computationally, so the evidence can be reformulated to; in general, accuracy is higher in Bayesian problems when computational complexity is lower. Thus, the alternative hypothesis can account for the present evidence.
A number of factors can be (and have been) used to demonstrate how the complexity affects people’s performance (e.g. nested sets (Tversky & Kahneman, 1983; Sloman, Over, & Slovak, 2003)). Sadly the overlapping of predictions, some misunderstandings and subtleties about the nature of natural frequencies made the endeavour inconclusive. The only way to disentangle this is by finding a set of problems where, while controlling complexity, one varies representation format. Our results show that when complexity and representation format are untangled, complexity wins, shaped as I-R matching for simple probability problems and as number of calculus steps for Bayesian probability problems.
So long as natural frequencies are supposed to be the representation format favored by evolution there is a rather difficult explanation that the frequentist faction needs to give. How can a contextual factor, such as the matching between instructions and response have a greater influence than the representation format itself? Why subjects performance is better in some of our probability conditions? 
A system of the kind presented by the frequentists should be based on an innate number representation system. Nevertheless so far, the only proposals of innate number systems are a lot less sophisticated than the frequentist hypothesis would require (Dehaene, 1992, 1997; Feigenson et al., 2004). There are, of course, some discrepancies about the subtleties of the different theoretical proposals. Yet there seems to be a widespread agreement concerning some central properties of number representation. Namely, that the number representations are imprecise, abstract and can be compared and combined by simple arithmetic operations (addition and subtraction; Spelke & Kinzler, 2007). Dehaene and his colleagues (Dehaene, 1992, 1997; Feigenson et al., 2004), for example, proposed two core systems of number. The first one “yields a noisy representation of approximate number that captures the inter-relations between different numerosities…” (Feigenson et al., 2004, p. 309). The second one is “for precisely keeping track of small numbers of individual objects and for representing information about their continuous quantitative properties” (Feigenson et al., 2004, p. 310). The critical claim is, in their own words:
“The two core systems are limited in their representational power. Neither system supports concepts of fractions, square roots, negative numbers, or even exact integers. The construction of natural, rational and real numbers depends on arduous processes that are probably accessible only to educated humans in a subset of cultures, but which nevertheless are rooted in the two systems that are our current focus and that account for humans’ basic ‘number sense’”. (Feigenson et al., 2004, p. 307)
It is hard for us, with such restrictions, to think of an innate module or system dedicated to I) keeping track of frequency of events (e.g. 196 of 623) and II) computing subsequent probabilities using frequencies. Finally, the fact that a basic number representation has been found in human infants, children, adults and non-human primates (Spelke & Kinzler, 2007) makes the possibility of an independent frequency module particularly tricky.
The Ecological Rationality view has proved valuable. They presented a “Simon’s scissors” approach to the study of human cognition (Todd and Gigerenzer 2001, 2007). The two equally vital blades representing the human mind and the contextual world; consequently indicating ‘the world’ as an important and unavoidable part of the equation. The problem arises when we take for granted the criticalness of an environmental observation. It is hard to avoid the temptation to use plausible evolutionary explanations when we look around and see frequencies are all over the place. But, as we said before, it is critical to show that no alternative can account for the evidence when proposing something as an adaptation (Andrews et al., 2003; Williams, 1966), which is not the case with the innate frequency module hypothesis. Regardless, the main frequentist prediction does not hold up to our experiments. We showed that, in simple probability problems, contextual factors (I-R matching) may have a significant influence where representation format does not. 
Also, using classic Bayesian problems we showed how the single most important factor with the bigger explanation power is arithmetic complexity. We were able to create and destroy differences just by manipulating the number of calculus steps necessary to solve the problems, independently of representation format. Reference class also became an important factor, although again explainable by arithmetic complexity. In any case, the malleability of results when altering subtle cosmetic factors and the arithmetic complexity should be a warning against the strong frequentist (evolutionary) claim. 
We could separate the contributions of this work in various dimensions. Fist, we saw how the difference between probabilities and natural frequencies can be explained through the differences in complexity of both formats. When we used simple probabilities, the differences disappeared. Any factor adding complexity to the resolution of a problem (with both simple and posterior probabilities) affects the performance of subjects independently of representation format. I-R matching gave us proof of that with simple probabilities.
Secondly, the influence of the presence of the total sample and the complementary set wasn’t significant in our results. That should force to soften certain positions or, at least remind about the necessity of using empirical findings to dismiss or criticize results.
Thirdly, we also found that general cognitive abilities seem to influence the proper resolution of the Bayesian problems, being the influence bigger on natural frequencies than relative probabilities, which certainly do not support the existence of a specialized module or algorithm for natural frequencies. 
Finally, we saw that arithmetic or computational complexity, seen as calculation steps needed to solve the problem, it is an important tool for predicting the behavior of subjects and explain differences based on representation formats, classes of reference, structure the problem, and other factors.
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