Study Unit 13: Instantaneous velocity
          
Page 10

Instantaneous velocity

The outcomes of this unit

Physics content
By the end of this unit you should have developed an understanding of the concepts listed below. “Understanding” means that you should also be able to apply the concepts in solving problems. 

By the end of this unit, you should be able to

· describe the concept instantaneous velocity and use the concept in the investigation of real motions;

· determine the instantaneous velocity from x-t graph, using a graphical method;

· write an x(t) function to determine the instantaneous velocity by applying elementary calculus;

· use the graphical method and calculus to calculate the same quantities;

· apply mathematics (as an important tool in physics), realizing that a mathematical approach used to solve problems must always be followed by an interpretation of the results in terms of physics;

· distinguish between average velocity and instantaneous velocity; 
· give examples of scientific theories that have developed over many centuries and scientific theories that are still; being developed today, and

· interpret graphs and to construct a v-t graph from an x-t graph, and vice-versa.

A change in velocity takes time – looking at real motions

Previously, we investigated motions for which the velocity was constant for the whole motion, or for which the velocity was constant during certain time intervals. 

We noticed (see remark below question 12 in Unit 9) that some of the motions presented in the questions were actually not possible, because the velocity cannot change abruptly; a change in velocity requires time. 

In this study unit we look at more realistic motions, that is, motions in which a change in the velocity takes time. To study change in velocity in more detail, we will define a new concept, namely: instantaneous velocity. 
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The aim of the experiment

We are going to investigate the motion of a cyclist in detail. Certain questions about the motion are easy to answer, like: “What is the total time required to cover the distance of 60 m?” or, “What is the average velocity from 0 to 60 m?” Other questions are much harder, like: ‘What was the velocity at time t = 4.0 s?’”or ‘What was the final velocity at the finish line”’ or even more difficult: “What was the acceleration at time t = 4.0 s, and was the acceleration constant?”
In finding answers to all these questions, we will step into the shoes of one of the greatest scientists of all times, namely: Sir Isaac Newton. Try to enjoy the intellectual challenge.

Measuring procedure 

A student will be asked to cycle a short distance of 60 m. She/he will be asked to cycle from the start as fast as possible.  Then she/he must stop at the 55-m line. Students with stopwatches are lined up along the cycling track at specific positions:  the first 6 students are 1 m apart, then the next group students are 10 m apart up to position 50 m; thereafter, the students are again 1 m apart. (See the diagram below.) 

[image: image40.wmf]
Then, one person says: “Ready? One, two, three. Go!”. The cyclist starts and at the same time all students start their stopwatches. Each student stops the stopwatch when the cyclist passes his or her position. After taking the measurements outside, the measurements are recorded in the table below:

	x (m)
	1
	2
	3
	4
	5
	10
	20
	30
	40
	50
	51
	52
	53
	54
	55

	t (s)
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


Questions
(a)
What is the independent variable in this investigation? Explain.

[image: image41.bmp]
(b)
We want you to plot an x-t graph. Why would we want you to plot the independent variable on the vertical axis?

[image: image42.bmp]
[image: image43.bmp]Analysis and conclusion

The first step in analysing the motion is to plot a position-time graph. Use the data above and draw an x-t graph of the cyclist. Do this in the next diagram.

[image: image44.wmf]
Draw a conclusion about the kind of motion by answering the following questions:
Questions

(a) Give the three types of motion seen in the graph. Also give the interval for each of the motions.

(b) The motion was over 55 m. Calculate the average velocity over 55 m.

(c) Calculate the average velocity during the interval from 3.0 s to 6.5 s.

(d) What happens to the velocity during this time interval?  Explain your answer. 
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What happens to the velocity during the time interval from 0.0 to 3.0 s? Explain your answer. 

Remember that the aim of the experiment was to answer questions like: “What is the velocity at t = 4.0 s?” (or any other specific time), or, “What is the acceleration at t = 4.0 s ?” (or any other specific time).  To answer these questions, we first need to develop a bit of theory. 

Theory: From average velocity to instantaneous velocity by making the time interval smaller and smaller

[image: image46.wmf] 


The graph below shows an example of an x-t graph (not the cyclist). The curved line shows the position of an object as a function of the time. The graph shows that from t = 4 s onwards, the velocity increases as more distance is covered in every consecutive second. (Check this).

[image: image47.png]



Suppose we want to know: What is the velocity at t = 10 s? 

Let us first calculate the average velocity during a certain time interval following the time t = 10 s, for example the interval [10 s;18 s].  

We find: vaverage  [10 s;18 s]  = 
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= 1.25 m/s. 

However, this value is too big, because we have included the part of the motion during which the object moves faster than at t =10 s. So we must make the interval closer to t = 10 s. Let us take the interval [10 s; 15 s]. 

[image: image48.bmp]We now find a value vaverage [10 s: 15 s] = (7.7 - 4.0)/(15 - 10) = 3.7/5 = 0,74 m/s.

Note also that the value of vaverage is equal to the gradient (or slope) of the corresponding chord. (Check this in the diagram. )

Also, the second value is too big; we still must make the interval smaller. As we want to know the velocity at t = 10 s, we actually do not want an interval at all. So we must let the interval approach to zero. Now, if we keep on making the interval smaller the two points where the chord intersects with the x-t graph are coming closer and closer to each other. If we finally make the interval zero these two points are on top of each other and the chord becomes the tangent. In other words, to find the value of the velocity at t = 10 s, we have to draw the tangent to the x-t graph at t = 10 s, and the instantaneous velocity is equal to the gradient of the tangent. 

What is actually a tangent?
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At some schools, pupils are taught that “a tangent has one point in common with a curve”. This definition is incorrect. If we apply this definition, you will notice that in the drawing below all three lines intersecting the curve at P would be tangents. 

However, there is only one tangent at P, namely the line that is ‘touching’ the curve at P (see the drawing). Note that to draw the tangent correctly, the angles between the tangent and the curve on either side of point P (close to P) must be made equal.
Mathematics and physics: different symbols but the same thing!

In mathematics you have learnt that:  f’(x)  = 
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If the function f(x) is known, for example f(x) = x2, then we can calculate the derivative: 
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Check that this is exactly the same as what we did above in the graph - only the symbols are different. 

	Mathematics
	Physics
	Physical meaning

	function f(x)
	function x(t)
	position x of object at time t

	variable x
	variable t
	time t when the object is at position x

	interval h ( 0
	interval (t ( 0
	time to move from initial position (at t = 0) to later position (at time t)

	derivative is called f'(x)
	derivative is called x'(t) =  v(t)
	slope of x-t graph equals instantaneous velocity at time t


The function we looked at above was x(t), so t was the variable, and x was the function. To find the instantaneous velocity at a time t we said:

· take a time interval 
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· find the position at a time t, that is,
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· find the position a little bit later at a time
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· subtract these two positions and divide by (t to find: 
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· then make the interval 
[image: image11.wmf]t
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smaller and smaller. Writing this as the mathematicians do, we get: 


But this is exactly the same expression as the derivative of the function f (x) above; we only need to replace the function ‘x’ by the function ‘f’ and the variable ‘t’ by the variable ‘x’. In other words, the instantaneous velocity is the derivative of the x (t) function.  

Note that we have written v (t), that is, the velocity is a function of the time t. That makes sense; for example, for the cyclist the velocity at the beginning and towards the end changed. Hence, generally speaking, the velocity can change with time.


Check that in the graphical representation the expression for v(t) namely 


is the same expression that we get when calculating the gradient of the tangent. 

Question 1
You will receive a handout with different graphs showing the same graph with different “magnifications”. The handout will also have a table with values for the position x and time t. 

Do the calculations and answer the questions on the back side of the handout.

A further analysis of the motion of the cyclist

Now we are finally ready to carry out a further analysis of the motion of the cyclist. Remember that we wanted to answer the question: ‘What is the velocity of the cyclist at a certain time, for example at t = 4 s?’ The above theory allows us to find the velocity at any time.

Note that when the motion is given by its x (t) function, for example x(t) = 5t2, then we can find v (t) immediately by calculating the derivative of x (t). But if the motion is given only by the x-t graph (as with the cyclist) then we have to use the graphical method to find the instantaneous velocity. 

Question 2

For this exercise we will use the x-t graph of the cyclist. (So, you will have to use the graphical method to find the corresponding velocities at different times.)

(a) Use the x-t graph and determine the velocity of the cyclist at the following times:  0,0 s; 1,5 s; 5,0 s and 9,0 s.

(b) Use the x-t graph further to construct the complete v-t graph of the cyclist.


 

Question 3
The position x in the next graph represents the height of the object above the ground.

(a) Describe the kind of motion taking place here by checking how the tangent to the x-t graph changes with time. In your descrip​tion include the direction of the motion at various times, and also states whether the object speeds up or slows down.

(b) Determine the velocity at t = 0.0 s.

(c) Determine the final velocity just before the object hits the ground.

(d) Plot the corresponding v-t graph.


(e) Describe in detail how this kind of motion can be realised (“produced”) in practice.

Question 4

The speedometer of a car shows three readings:

· One reading by a moving pointer (“needle”).

· One reading giving the total distance the car has travelled since it was built.

· The trip distance reading which the driver needs to reset (“make zero”) before starting a trip.

(a) According to the logbook kept by the driver, the total time that the car has been on the road was 1 342 hours.  Given the information shown in the drawing and the information from the logbook what kind of speed can be calculated? 

(b) Calculate the speed meant in (a).

(c) The drawing above shows the speedometer when the trip so far had taken 1 h 45 min. What kind of speed can be calculated using this information and the drawing?

(d) The value of which quantity is shown by the pointer? How much is it?

(e) Explain why are we using the term speed and not velocity in this exercise.  

Question 5

A trip from A to B took 2 hours. The distance between A and B is 200 km.

(a) Calculate the average speed for this trip.

(b) What can we say about the speed of the car at a point C that is half way between A and B?

Question 6
A mother and a daughter are running a race. The mother is not as fit as the daughter, so, she is given a lead. 

(a) Which of the two lines on the graph shows the position of the mother? 
(b) When are the velocities of the mother and daughter the same? 

(c) Determine the instantaneous velocities of the mother and daughter at t = 6,0 s. 
(d) Check whether you have made a mistake in question (b).

	Question 6 (b) above was a trap. Did you say that the velocities are the same at t = 6.0 s? Most students will give this answer. The reason is that they are used to give answers quickly; they do not think first. This is partly laziness (why think if you believe that you know the answer), but it is also partly due to way teaching happens - rarely are questions raised that require a bit of analysis.


	Many different ‘velocities’ in kinematics – the need for precise language

1. In kinematics we use the word velocity again and again. However, there are different kinds of velocities namely: average velocity, instantaneous velocity and we also talk about initial velocity and final velocity. Students do not always distinguish between these different velocities.
2. Related to the above is the use of correct prepositions:
 Instantaneous velocity (and also initial and final velocity) are velocities at a certain time.

Average velocity is always during a time interval. One can get confused if we talk about the average velocity at t = 5.0 s. 


Question 7
(a) Diagram A shows the x-t graph of an object. The vertical lines show the various different parts of the motion. In the v-t graph the same lines are given also. Use the x-t graph to sketch the v-t graph below diagram A.

(b) Repeat question (a) for diagram B. 

(c)
Diagram C below shows the v-t graph of an object. Use the v-t graph to sketch the corresponding x-t graph below diagram C. Note that x(0) = 0 m.

(d)
Repeat question (c) for diagram D. 



Question 8
Given the following x(t) functions, use differentiation to find the corresponding v(t) functions for each of the following:

(a) x(t) = 5

(b) x(t) = 5 + 4t
(c) x(t) = 10 - 2t
(d) x(t) = 5t2
APPENDIX FOR STUDY UNIT 13

The history of science 

This is a brief section about the historical development of physics. Many universities offer courses about the history of science. These courses show how scientists, over many centuries and step by step, improved their understanding about Nature. The history of science is a fascinating study. There is little time to deal with the history of science, but you should at least know that science has developed over a great length of time, and that science is still developing today, and will continue to do so in the future. The main purpose of this section is to make you aware of this historical perspective of science.
Man has a lot of experience in every day life with moving objects hence it is no surprise that mechanics is one of the oldest topics investigated by scientists. Hundreds of years before Christ was born, Greek scientists already attained some understanding, but it took more than 2 000 years to come to a sound understanding.

Over hundreds of years, scientists studied motions and the causes thereof and step-by-step progress was made. In the 17th century, Newton was able to develop a complete theory and in this course we learn about mechanics as it was developed by him. 

Other theories in physics, like the theory on electricity and magnetism, are much younger; the theory explaining these phenomena was completed in the 19th century. In the 20th century, more theories were developed namely relativity and quantum mechanics. The diagram below presents a timeline on which the times required to develop the various theories in physics are indicated. The diagram is incomplete; we have not indicated all topics in physics, like optics, heat and temperature (thermodynamics) and relativity. 

Science and technology

Many developments in physics (and science in general) have stimulated applications in technology. Mechanics stimulated better designs for mechanical apparatus. Heat and temperature had a huge impact on the design of steam engines, which in turn started the industrial revolution using coal as a fuel to drive engines in factories and in steam trains. Electricity and magnetism made it possible to bring electricity to the homes and factories and stimulated the development of radios, TV and electric motors. Quantum mechanics gave insight into the behaviour of atoms and stimulated the development of your pocket calculator and computers. We should also mention that many developments in physics stimulated the productions of weapons like canons, jetfighters and sophisticated bombs. The latest major development in this regard was the production of the atomic bomb and, a bit later, the production of the hydrogen bomb.

Many technological developments have been a blessing for mankind, but some of them also pose a serious treat to the existence of mankind, like the greenhouse effect, the depletion of the ozone layer and weapons of mass destruction. 

Answers Study Unit 13

Experiment 1. Measurements

	x (m)
	5
	10
	15
	20
	30
	40
	50
	60
	65
	70

	t (s)
	
	
	
	
	
	
	
	
	
	


Experiment 1. Analysis and conclusion

Drawing a smooth curve

In drawing the graph, we should not join the measuring points (that is, the dots). When we take measurements, there are always (small) measuring errors. Because we know that the motion of the cyclist was smooth, with no sudden changes, the line showing this motion must also be smooth. Hence, in drawing the graph we try to stay close to the measuring points, but at the same time we make sure that the curve is smooth. 

Experiment 1. Question

(a)  I. 
Time interval [0: 3 s]: accelerated motion, the speed of the cyclist was increasing.


II. 
Time interval [3: 8 s]: motion with a constant velocity, the cyclist was moving at top speed.


III. Time interval [8: 10.8 s]: motion with decreasing speed, because the cyclist was braking.

Note that the time intervals cannot be given accurately; from the graph we cannot say at exactly at what time the first motion was over and the second motion started. 

(b)  Average velocity over 60 m: vaverage = 
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(c)  Average velocity [3.0:6.5 s] = 
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(d)  During this time interval, the x-t graph is straight. When the x-t graph is straight, the displacement is the same in each consecutive second, which means that the velocity is constant. 

(e) During time interval [0.0: 3.0 s] the steepness of the graph increases, implying that more distance was covered during each consecutive second and therefore the velocity increased. 

Question 1

(a) I. The velocity at t = 0.0 s:  v (0.0) = 0.0 m/s   

Note: If v = 0.0 m/s, then the gradient of the tangent at t = 0.0 s should be horizontal. The graph shows that the gradient of the tangent is small but not 0. The reason for this is that we do not have enough measurements close to t = 0.0 s to see how the graph starts. However, we know that the cyclist started from rest, therefore, v (0) must be 0.0 m/s. 

II. The velocity at t = 1.5 s: See the tangent (for t = 1.5 s) in the next diagram. The velocity equals the gradient of the tangent (we have used the little squares). 

We find that: v (1.5) = 
[image: image15.wmf]s
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III. The velocity at t = 5.0 s: See the relevant tangent in the next diagram. The velocity equals the gradient of the tangent. (Note that the tangent lies on the graph line). 

We find that: v (5.0) = 
[image: image16.wmf]s
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IV. The velocity at t = 9.0 s. See the tangent in the next diagram. The velocity equals the gradient of the tangent. 

We find that: v (9.0) = 
[image: image17.wmf]s
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 =  6.0 m/s.   

Note: It is not possible to draw the tangent with great accuracy and hence the gradient of the tangent cannot be calculated with great accuracy. For example, for t = 9.0 s the value of the gradient can be anywhere between 5.5 m/s and 6.5 m/s. 


(b) The v-t graph constructed by using the x-t graph:




Question 2
The position x in the graph represents the height of the object above the ground.

(a)  See graph below.

(b)  v (0.0) = 
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(c)  v (9.0) = 
[image: image19.wmf]s

8

9

m

30

0

-

-

 = -30 m/s 

(or using points on the tangent a bit further apart:

v (9.0) = 
[image: image20.wmf]s
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(d)


Note: 
The v-t graph does not have to be straight. It just turns out that when we determine the velocity at various times using the given x-t graph that the v-t graph becomes straight. The v-t graph for the cyclist was not straight.

(e) A motion upwards, slowing down, then reversing and coming back looks like an object that has been thrown upwards and is allowed to come down again. The initial position is 15 m and the final position is 0 m, so the person throwing the object must stand on a platform (or (e.g.) a building, rock, cliff,  etc.) 15 m above the ground, allowing the thrown object to fall down just next to the platform (or building, etc.) on its path downwards to the ground.

(Note: Doing the right calculations, we can actually find the acceleration of the object. The calculated acceleration is more than 9.8 m/s2, implying that the object is not on earth. Can you determine the value of the acceleration? We will deal with acceleration in the next study unit).

Question 3

(a)  Average speed, because we only have information about the total distance travelled during the time of 1 342 h.


Average speed = 
[image: image21.wmf]h
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 = 65.00 km/h. 

Note: The answer has 4 significant figures, because the values given have 5 and 4 significant figures (which is very accurate).  

(b)  Average speed during 1.75 h (that is, for the trip) 


= 
[image: image22.wmf]time
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[image: image23.wmf]h

1.75

km

156

 = 89.1 km/h. 


Instantaneous speed when t = 1.75 h is 100 km/h. 

Note that 45 minutes is 45/60 = 0.75 h. In a calculation, we may not use a mix of units for one quantity. So, the quantity time must be given in either minutes or (as is customary when talking about cars) in hours.

(c)  The instantaneous velocity. Its value is 110 km/h. 

(d)  None of the readings shown by the speedometer deals with direction. The velocity is a vector quantity, so, we cannot find any type of velocity of the car, but only the average or the instantaneous of speed, depending on the question asked or the situation considered.


Extra: Converting velocities given in km/h to m/s and vice-versa 

A.
When you walk, you normally walk with a velocity of 5 km/h. What is the velocity in m/s?

1 hour is 60 minutes, and 1 minute is 60 seconds, so, 1 hour is 3 600 seconds.

So, we write: v = 
[image: image24.wmf]h
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B. The velocity of a car is 20 m/s. What is the velocity in km/h?


20 m/s means “moving a distance of 20 m in 1 second”. 


One hour has 3 600 s (= 60 min ( 60 s/min), so, the distance covered is 20 x 3 600 m = 72 000 m in 1 hour.


Thus: 20 m/s = 20 x 3 600 m/h = 72 000 m/h = 72 km/h. 

Note that we did not apply any rules; we used common sense. 

Question 4

(a) Average speed = 200/2 = 100 km/h

(b) We cannot say anything about the speed at C; this speed can be anything, because there is no information given that helps us to determine the speed anywhere along the trip from A to B.

Question 5

(a) See graph
(b) Where will the tangents to both curves be the same? (Note that the same velocity means the same steepness.) At no time after t = 0.0 s do the tangents have the same steepness. Only at t = 0.0 s are both tangents horizontal, hence both velocities are equal to 0.0 m/s.
(c)  vmother = 
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vdaughter = 
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(d)  In (b), we did not say that the velocities are the same at t = 6.0 s and the answers found in (c) are in agreement with the answer in (b). Question (b) is a bit of a trap that students tend to fall into, because students often give an answer without thinking it through properly.
Question 6 (a) and (b)



In constructing the v-t graphs, it is best to start with the easiest parts of the motion. 

The easiest parts are the parts where the x-t graph is straight. If the graph is horizontal, then v = 0 m/s. If the graph is straight and sloping, then v is constant and has either a negative or a positive value. After drawing the parts of the v-t graph that are easiest, we then continue filling in the missing bits (e.g. the second time interval in diagram A).

Questions 6 (c) and (d)


Question 7
Since we have the mathematical “descriptions” of the x (t) functions, we can use differentiation to find the corresponding v (t) functions:

(a)  x (t) = 5

v (t) = 
[image: image30.wmf]dt
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(b)  x (t) = 5 + 4t

v (t) = 
[image: image31.wmf]dt
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(5 + 4t) = 
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d

(5) + 
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(c)  x (t) = 10 - 2t
v (t) = 
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(d)  x (t) = 5t2

v (t) = 
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The motion of a cyclist


On the next page a worksheet is given called: The motion of a cyclist. For the details of the experiment we refer to the worksheet.





What are the objectives of the practical?


Instead of doing experiments in class or in the lab, it is much more fun to study a real motion. It shows, once again, that physics is about real things. 


After obtaining the measurements, you will construct the position-time graph. The graph and the real motion are directly linked. Then, via a step-by-step process, we introduce instantaneous velocity. To do this in a familiar situation will help you to develop an understanding of the concept.


Equipment needed:


Cycle, 15 stopwatches 





Experiment 1:  Determining the position-time graph of a cyclist
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The instantaneous velocity is the derivative of the x(t) function or:


v(t) = x'(t) 





The instantaneous velocity is the gradient of the tangent to the x-t graph
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Information





For reading only





The development of scientific knowledge happened over many centuries. 





This  development continues  today and will continue in the future.
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