Discussion on Seasonality and Forward-Forward Volatility 

Alex Huang

Forward volatility and forward-forward volatility are two closely related yet different and confusing concepts.  Vince Kaminski has provided the following analogy.  If one drives from Houston to Dallas in four hours, then the average speed is 72.5 mph, which is 290 miles divided by 4 hours.  However, one might drive at the speed of 55 mph between Houston and the Woodlands, consequently one must drive at the average of 76 mph between the Woodlands and Dallas in order to reach Dallas in four hours.  We can say that the “forward speed” between Houston and Dallas is 72.5 mph, while the “forward-forward speed” between Houston and the Woodlands is 55 mph, and the “forward-forward speed” between the Woodlands and Dallas is 76 mph. 

Any market forward volatility curve contains seasonality.  In calculating say June to July forward-forward volatility, one often runs into the problem of having to take square root of a negative number.  The idea here is to eliminate the seasonal factors from the curve first, then we smooth the curve.  It is hoped that thus smoothed curve will give us less trouble in calculating forward-forward volatility.  Seasonal factors can then be superimposed back onto the calculated forward-forward volatility curve.  In using this procedure several assumptions are made implicitly.  We now state them explicitly and point out some of the problematic issues so that readers are aware of the potential pitfalls.

Assumptions:
1. The deseasonalized and smoothed curve can be used to calculate forward-forward volatility of the adjacent months.  This is potentially problematic: We may be using oranges to get results about apples. 
2. The forward volatility and forward-forward volatility have the same seasonal pattern.  It is not clear as to how to check whether this is true or not.  

Below we describe this procedure in detail.  We put all the mathematical formulas in the boxes so it can be omitted in the first reading.  Suppose we are interested in a forward curve given by a sequence of numbers , each  corresponds to the forward volatility at time .  That is,  is the forward volatility from now to a future time .  We have observed that forward volatility exhibits an annual pattern, so the length of the seasonal cycle  is 12, i.e., .  Suppose we have  years of data.  We take the logarithm of  so that the seasonal factors become additive.  Denote .  From now on we will work with .  
Let  be the time series of interest, each corresponding to time , and  be the length of the seasonal cycle. For the ease of discussion, we assume .  Let  be the number of complete cycles in the time series.  We assume that seasonality is multiplicative, i.e., , where  is the seasonal factor.  Let 
.
Then the new seasonal factor  is additive to the new time series .










Next we construct a moving average  as follows.  For the first month, the average  is .  For the second month, .  And , and so on until the sixth month.  That is, for the first six months, the average is taken around the month from the available data.  This is understandable since we try to utilize all the available data.  From the seventh month on, the average is taken from the thirteen months centered at the averaging month, with the first and the thirteenth months having only half of the weight as the other months. 
Let  be the moving average of .  For , 
,
and for , 
.











The seasonal factors can then be calculated.  For example, we subtract the sum of all January moving average from the sum of all January data, then divide the net result by the number of years.  This will give us the January factor.  Once we have calculated all twelve factors, we take another average of the factors and subtract this “seasonal average” from each factor.  The reason that we do this de-averaging process is to make sure that the seasonal pattern does repeat itself.  The final results are the seasonal factors for each month.  The seasonal factors of the original time series  are obtained via .  
We now calculate the seasonal factors .  For ,
,
and for , 
.
Let .  We de-mean the seasonal factors by letting 
.
The seasonal factors now satisfy the relation 
.
Then .















 



Now, [image: ] gives the deseasonalized time series.  We try to fit it to an exponentially decaying function of the form 
[image: ].
We fit the deseasonalized time series [image: ]to an exponentially decaying function of the form 
[image: ].
This is the same as fitting a linear function  to the time series , where  and  is some small number.  Then we have  and .











Now we can smooth the deseasonalized forward volatility curve by replacing it with .  
Forward-forward volatility  between  and  can calculated.  Finally, we obtain a seasonal forward-forward volatility curve by multiplying seasonal factors back to . 
Forward-forward volatility  between  and  is given by

if  and 

if .  Here the factor 0.9 is given by experience and is to ensure that the forward-forward volatility is decaying.  Finally, we multiply  by  to obtain a seasonal forward-forward volatility curve.  















We note that for the example we worked out for the earlier article, there are indeed a few points at which , i.e., we still need to work around the problem of taking square root of negative number.  It has been pointed out by Tanya Tamarchenko of Research Group that function of the form 

allows for the bootstrapping procedure such that , when .  Interested reader should contact Tanya for more detailed information.  It would be interesting to try this form of function for our example to see if we can obtain a better fit.  
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