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Abstract 
We calculate Value-at-Risk (VAR) and other tail-risk measures for a portfolio of derivative securities using first- and second-order reliability method (FORM/SORM), a widely used technique to estimate failure probability in structural engineering.  The probability of loss due to market price fluctuations is analogous to the probability of failure in structural engineering. 

The underlying probability framework is capable of treating correlated non-Gaussian distribution of risk factors (price, return, etc.) as well as any “reasonably regular” non-linear portfolio payoff function.  Unlike Monte Carlo simulation, the computational burden in FORM/SORM does not increase for low probability events. Unlike numerical integration techniques, the computational burden in FORM/SORM is relatively insensitive to the increase in the number of risk factors considered.  

We use the FORM/SORM technology to calculate the lower tail of the daily profit-and-loss distribution of a portfolio of stocks and options and label the estimated VAR as “Reliability VAR”.  The numerical examples demonstrate the advantages of using Reliability VAR with respect to speed and accuracy over standard methods used in the financial community.   For VAR calculation in the presence of fat-tailed risk factors, we discuss the use of a probability preserving transformation for mapping the probability estimation problem to a standard Gaussian space.
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Introduction
Increased volatility in financial markets has spurred development of probabilistic measures of portfolio risk arising out of adverse price movements.  Value-at-Risk (VAR), by-far the most popular among such measures, answers the question: “How much money might we loose over a given time horizon with a given small probability assuming that the portfolio does not change.”  Calculation of VAR and related risk measures, such as the Expected Tail Loss, require accurate estimation of the lower tail of the return distribution.  Practical implementation of such tail-risk measures for a trading portfolio calls for heroic assumptions about the form of the underlying price processes and the payoff equations of the underlying instruments.  One standard method is to simulate prices of the underlying instruments over a specified time horizon, calculate the portfolio value for each set of simulated prices, and obtain a distribution of changes in portfolio value.  Typically a large number of simulations is required to reliably estimate tail probabilities.  As a result, simulating additional risk measures such as the Expected Tail Loss may become impractical, especially if the portfolio payoff is a function of a large number of risk factors, is expensive to evaluate, and /or the return distribution is fat-tailed (leptokurtic).  

The Analytical VAR approach suggested by Duffie and Pan, 1999, overcomes this difficulty by using a fast convolution technique but the framework requires that the portfolio be represented by its delta-gamma sensitivities to underlying risk factors that are normally distributed.   In contrast, the approach we use in this work is not constrained by a delta-gamma representation of derivative positions. For many portfolios delta-gamma representations are inadequate for capturing tail risk.  In this paper, we show that the reliability-based approach works very well even in extreme cases, where the portfolio consists of hedged instruments making delta-gamma representation insufficient for capturing tail risk.

Basic idea
In structural reliability applications, a failure surface, defined by a limit-state equation (capacity – demand = 0), is used to divide the sample space of governing random variables (load and capacity variables) into safe and failure domain.   The general equation for failure probability is a multidimensional integral of the form:
				(1)
in which fX(x) is the joint probability density function of the vector of risk factors, X = [X1, X2,.. .., Xn]T, and g(x) = 0 denotes the limit state (or failure) surface, i.e.,   g(x) < 0 denotes the failure set. 

The first and second-order reliability method (FORM/SORM) is essentially a fast and efficient probability integration technique to estimate the probability content of the failure set. The probability integration problem in the x-space given by Equation 1 is first mapped in the multi-dimensional standard Gaussian (uncorrelated) space, u-space, using a suitable “probability-preserving” transformation, X = T(U).  

				(2)

The beauty of the standard Gaussian space is that it is rotationally symmetric and the probability density U(u) tapers off super exponentially as its distance from the origin increases.  Furthermore, the problem of multi-dimensional integral can be avoided by solving a constrained optimization problem in the standard Gaussian (u-) space to locate the point on the transformed limit-state surface, G(u) = g (T(x)) = 0,  that is the closest to the origin, called the “design point”. 

The “design point”, u* (or more precisely the corresponding point x* in the original x-space) represents the “state of risk factors” that is most likely to cause failure.  The largest contribution to the integral in Equation 2 comes from the vicinity of the “design point”, u*, on the limit-state surface because it is the closest to the origin (see Figure 1).  For the Value-at-Risk calculation, the “design point” corresponds to the most-likely-to-occur combination of underlying risk factors that produce a loss equal to a specified threshold.  

In most cases, a very good first approximation to the integral in Equation 2 is given by the expression (-), where  is the distance of the “design point” from the origin and (.) is standard Gaussian cumulative distribution function. This approximation, known as the first-order reliability method (FORM), is based on approximating the limit-state surface by a linear hyper-plane at the “design point”.  

























In SORM, the limit-state surface (i.e., the level surface defined by loss equal to a specified threshold) in the standard Gaussian space is approximated by a quadratic hyper-surface fitted around the “design point”.  A number of closed-form expressions for probability content of a region bounded by a quadratic surface in the standard Gaussian space are available (see Madsen, Krenk, and Lind,1986).  

Importance sampling on top of SORM asymptotically converges to the exact solution at the cost of additional numerical effort in terms of evaluations of the limit-state function.  However, in this work sufficient accuracy was obtained without importance sampling around the “design point”.  

It is however possible to construct pathological (albeit artificial) examples of limit-state equations having multiple design points (local minima) located at roughly comparable distances away from the origin in the standard space.  In such instances, SORM approximations at each design point followed by a series system reliability analysis would improve estimates of the probability integral (Der Kiureghian and Dakessian, 1998).    



Implementation of FORM/SORM for Value-at-Risk calculation
 To illustrate how this basic idea applies to the VAR problem, let us assume that we have a portfolio of stocks and options on stocks with log-normally distributed and uncorrelated prices. The probability model for the change in the portfolio value over short time horizon can be written as follows:

,								(3)		
where  Ni , Si , i, and i are respectively the number of shares, price, volatility, and standard Gaussian  (zero mean and unit standard deviation) shocks corresponding to the log-return of the ith  stock in the portfolio. Ci(S)  is option price as a function of stock price, t is time horizon and 0 is initial value of portfolio. For the VAR problem, we are interested in finding the value change  corresponding to probability of exceedance q (= 1 - p, where p is the VAR confidence level) such that

 									(4)

We denote the level surface given by  in Rn as the limit-state surface.  Probability of loss q can then be calculated by integrating the multi-normal probability (log returns are normal) density function of standard variates, 1, 2 , ……, n , over the loss region bounded by the limit-state surface:

				(5)

Note that we have written the limit-state function for a portfolio of derivative securities as a function of log-returns of the underlying stocks.   Because security prices are commonly assumed to be lognormal, the log-returns are normally distributed and the limit-state surface defined by Equation 3 is directly given in the standard Gaussian space.   Let us denote the limit- state equation given by d – v = 0 in the u-space as G(u1, u2,…,un) = 0.  
The software implementing FORM/SORM methodology should be able to perform the following calculations:
· Solve the first-order reliability problem, i.e., find the “design point”, which is a point on the limit-state surface closest to the origin in the u-space.
· Apply second order correction using a quadratic approximation of the limit-state surface at the “design point”.
· Find multiple design points, if they exist.
· Add probability contribution from multiple “design points” using series system methodology (see Madsen, Krenk, and Lind, 1986).

We used a simple iterative procedure described in Der Kiureghian and Dakessian, 1998, to calculate the coordinates of the “design point”.  It is based on the fact that at the “design point” u*, the gradient of the function G(u*) is collinear with vector u*.  In its simplest form the algorithm finds a sequence of vectors u(m), each one calculated as follows:

Normally it takes only a few iterations to converge to the solution even for complicated surfaces. This step gives us FORM approximation and requites a few evaluations of payoff function and it’s gradient. In the numerical examples presented below the error of FORM approximation was in the range of 2%-4% for exceedance levels in the range of 10-5-10-1. The error of FORM decreases for lower probability levels as the limit-state surface becomes flatter.

To obtain SORM approximation we fit a quadratic surface to the limit-state function by matching the curvatures at the design point, as described in Der Kiureghian and Dakessian, 1998.  This approximation requires the following calculations:
· Calculating the matrix M of second derivatives  at the design point in order to approximate G(.) with a quadratic form;
· Linear transformation from the original coordinate system to a new coordinate system with the origin at design point and one of basis vectors collinear with the gradient of G (.) at the design point, i.e., normal to the limit-state surface. This is done by Gramm-Shmidt orthogonalization procedure;
· Linear transformation of matrix M into the new basis;
· Jacobi factorization of transformed matrix M.
The number of arithmetic operations during this step is proportional to n3, where n is the dimensionality of standard normal space. Finally we use a formula suggested by Tvedt (given in Madsen, Krenk, and Lind, 1986) to estimate the probability content of the region bounded by the fitted quadratic surface.
 
To locate multiple design points, if they exist, we use an algorithm described in Der Kiureghian and Dakessian, 1998.  This algorithm is based on adding “bulges” to the G-function at the identified design point. This forces search algorithm to look outside the vicinity of the design point that has been already identified.  The probability contribution from the multiple design points is taken into account by computing the union of failure events as in common in series system reliability analysis.

Mapping to a Standard Gaussian space
The FORM/SORM approach exploits the rotational symmetry and super exponentially decaying property of the joint probability density function in the standard Gaussian space.  Fortunately Geometric Brownian Motion, the most commonly used assumption of price processes, produces normally distributed log-returns for terminal prices.  As long as the payoff function can be expressed in terms of normally distributed risk factors, which may be correlated, mapping of the failure surface to a standard Gaussian space requires only a simple transformation -- a simple translation (to remove mean), scaling (to normalize standard deviation), and rotation (to remove correlation).

If the risk factors are fat-tailed, the complete probabilistic description of risk factors requires specification of the joint non-Gaussian distribution function.  In practice, the joint distribution function of all risk factors is seldom available.  It may often be convenient to describe the few fat-tailed risk factors affecting the portfolio by their respective higher marginal moments, e.g., skewness and kurtosis coefficients, or by any other suitable non-Gaussian distributions.  Given the higher moments, the marginal distribution function for a risk factor can implicitly be modeled by a scalar transformation (between the risk factor X and the standard Gaussian Variate U) using orthogonal Hermite polynomials such that the specified marginal moments match (see Appendix I and Winterstein, De, and Bjerager, 1989).  In general, individual risk factors can be modeled by any suitable scalar Gaussian and non-Gaussian distributions together with linear correlation between pairs of all available risk factors.

Following Nataf model (see Der Kiureghian and Liu, 1986) the risk factors (in general non-Gaussian) are first transformed into correlated standard Gaussian variables.  For example, consider a pair of random variables (Xi and Xj) whose marginal distributions are known.  Let x be the correlation coefficient between the pair Xi and Xj.  The random variables are first mapped into standard (but correlated) Gaussian Variables Ui and Uj.  Hence Uk=[FXk(xk)]; k = i, j.  

The “equivalent Gaussian correlation” u (correlation between Ui and Uj) that produces the desired correlation, x, between the corresponding non-Gaussian random variables, Xi and Xj, can be estimated in closed form (using Hermite expansion method) from either full marginal distributions or a limited number of moments of Xi and Xj. These estimates are found to agree well with exact results for u (see Winterstein, De, and Bjerager, 1989), which require iterative use of double integration over the joint Gaussian density (Der Kiureghian and Liu, 1986).   Appendix I contains details of the algorithm to map correlation.  

The framework for mapping the probability estimation problem from a non-Gaussian space to the standard-Gaussian space discussed in this section (and in Appendix I) can be used in conjunction with Monte Carlo Simulation and Analytic VAR methodology.   


Numerical results
We present below a few numerical examples for portfolios of stocks and options.
a) Enron’s equity portfolio of 170 stocks and options 
For Enron’s equity portfolio of 170 stocks and options we calculate the tail of the distribution of daily change in the portfolio value using 1st and 2nd order reliability methods. The 2nd order method gives us a correction in the range of 3.8%-1.5% versus the 1st order method results. We also present the results of Monte-Carlo simulation with 5,000 and 50,000 simulations (see Figure 2). Finding single design point without curvature correction is very fast and sufficient in most real-life situations.

Since we are examining the performance of a new technique we wanted to test it in a situation when the limit-state surface is far from linear and delta-gamma representation of positions produces quite different results from the Monte-Carlo method based on options revaluation for each simulated price. This happens for hedged portfolios.

b) Hedged portfolio of stocks and options. 
In this example we considered a portfolio of 30 stock-option pairs. We assume lognormal distribution for 60 underlying stock prices. The correlations between the stocks are given by the following formula:
 
The options are American and European at-the-money options expiring in 5 days. The volatilities range from 20% to 110%. For each stock-option pair the number of shares of stock is chosen to approximately hedge the corresponding option position. The portfolio contains 1000 shares of options on stocks number 1, 3, 5, …, 59 and 550 shares of stocks number 2, 4, 6, …, 60. Portfolio constructed this way has very significant gammas. The Figure 3 below shows the tail of probability distribution for this portfolio calculated with three different methods: Monte-Carlo simulations, Analytical VAR and Reliability VAR methods. As we expect Analytical VAR which is based on delta-gamma representation of the positions in this case produces very different results from Monte-Carlo and Reliability VAR methods. On the other hand Monte-Carlo requires many simulations to calculate accurately the tail of the distribution. In our example we used 100,000 simulations and the results are in a good agreement for percentiles p greater than 0.08%. For p<0.08% the accuracy of Monte-Carlo method is not sufficient. The time expenditures are 20 sec for Analytical VAR, 35 sec for Reliability VAR and 55 sec for Monte-Carlo. In this example the accurate calculation with Reliability VAR method requires finding two closest design points and second-order approximation at design points.


c) Matching four moments of marginal distributions and correlations across underlying stocks for “fat-tailed” distribution.
In this experiment we considered the portfolio of 30 stock-option pairs described above in paragraph b). We assumed that the marginal distributions of stocks log-returns have skewness of 0 and kurtosis 4 representing the “fat tails” of distributions.  Following the approach outlined in Appendix I we developed transformations of marginal distributions and correlations into standard normal space. Figure 4 shows the tail of this portfolio’s distribution calculated with Reliability VAR method versus Monte-Carlo simulations. In Monte-Carlo simulations we used the derived transformations from standard normal space to stock’s log-returns. We also present the results for normally distributed log-returns with the same mean, standard deviation of log-returns and correlations across them. As expected for lower exceedance thresholds the two distributions diverge.  We used 100,000 Monte-Carlo simulations. The Reliability VAR results are based on SORM approximation. The computational expense for this case is not higher than for normally distributed risk factors.
 
Conclusions
We present the application of FORM/SORM based structural reliability techniques to the problem of estimating probability distribution tails of portfolio returns.  These methods produce faster and more accurate results compared to standard methods used in financial mathematics. We also show that the proposed framework works in the presence of risk factors with so-called fat tails.   High accuracy and speed of the Reliability VAR method allow us to calculate additional risk measures such as Expected Tail Loss. 
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Figure 2. “Reliability” VAR method performance for Enron’s portfolio
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Figure 3. Comparison of different methods of calculation the tail of probability distribution for a hedged portfolio of stocks and options with lognormal underlying stocks.
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Figure 4. Reliability VAR applied to “fat-tailed” risk factors (matching 4 moments for marginal distributions and correlations across underlying stocks, kurtosis equal to 4).
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APPENDIX I

Scalar Transformation from x-space to u-space
If the cumulative distribution function Fx (.) of X is known the transformation from x-space to u-space can be written directly:

x = T(u) = Fx-1[(u)],								(I.1)		
		
where (.) is cumulative normal distribution function.

Alternatively, if the first four marginal moments of X, a leptokurtic random variable, are given we implement a transformations x = T(u) such that the four moments are preserved. Let us denote: mean  byx, standard deviation byx, skewness coefficient by 3, and kurtosis coefficient by 4.  A complete description of the treatment described in this appendix, including a transformation for variables with 4<3, is given in Winterstein, De, and Bjerager, 1989. 

The transformation can be written in terms of orthogonal Hermite polynomial bases  and the first four moments of the leptokurtic (4 > 3) distribution as:

					(I.2)

where 
Correlation mapping from x-space to u-space
We decompose the transformations x1=T1(u1) and x2=T2(u2) in the orthonormal bases associated with Hermite polynomials:

						(I.3)
Hermite bases are chosen because the scalar product of two vectors in this basis matches the expectation under standard normal measure. In these notations, E(X1) = 0 and E(X2) = 0. Coefficients  and  in (I.3) are scalar products of the transformation function and corresponding Hermite polynomial with weight , where  is a one-dimensional normal probability density function:



 The expression for variance-covariance of x1 and x2 can be written as follows:
	(I.4)
where  p2 is two-dimensional normal density,  is unknown correlation in normal space. We use the expression for p2 
				(I.5)


Substituting (I.5) into (I.4) and using orthonormality of Hermite polynomials with weight  we obtain the relationship between the correlation of x1 and x2 and the correlation in corresponding normal space:

where, 1 and 2 are standard deviations of x1 and x2 correspondingly. Usually a satisfactory estimate of  can be obtained by truncating the series at n = 3 and inverting the resulting cubic equation.  
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