Price Processes and Parameters

Market price movement is of paramount importance to traders, deal structurers and originators.  
Trying to understand it has been a long and on-going process.  French Mathematician L. Bachelier undertook the first systematic and rigorous treatment of price movements.  In his 1900 “Theory of Speculation,” Bachelier postulated that prices behave like random walks: at any given point of time, the price has equal probability of going up or down.  Let  be the price of a stock (or commodity) at time . Bachelier’s theory states that the price changes according to the following rule ( is the price change, is the time change): 

whererepresents the drift (or mean) of the stock price, is a random shock to the stock price, and represents the magnitude of the shock, or the “spread” of the distribution.  Thus the foundation of modern finance theory was established.  There is only one problem: if stock price truly behaves this way, then it can and will become negative.  This defect might have caused Bachelier’s theory to remain largely unknown to financial society. 

The following price process, developed in the later 60’s and early 70’s, overcomes this difficulty.  In this process, price changes are proportional to the price level.  More precisely, 

where and are as before, and is a random shock to the stock price.  Usually is taken to be a normally distributed random shock.  Why should the shock be normal?  The answer is no, it does not have to be normal, but normality has its benefit.  First, the normal distribution is analytically easy to handle.  Second and more importantly, things tend to behave “normally” in the long run.  To make this more precise, let us do a little exercise.  Ito’s Lemma tells us that the change of log price is a random walk and behaves as follows

Suppose we look at the change of log stock price from time (now) to time (ten months from now) and divide the time interval into (say)  equally spaced time steps.  So the log price change from month to month  is 

Here is one month and is the random shock from month to month . The total change for these  months is then 

It is not unreasonable to assume that the shocks are of the same type with mean . The Central Limit Theorem then asserts that when we divide the time interval finely enough (is large), behaves like a normal distribution.  In other words, the log price change from  to time  is approximately normal.  Now, if we divide the time interval from time to time into equally spaced small sub-intervals and repeat the above argument, we can conclude that the log price change in this period is again approximately normal.  Consequently it is natural to assume that is normally distributed.  Such a process is termed Geometric Brownian Motion (GBM).  It turns out that GBM is a rather good approximation of the price movement. 

The parameters  and are intrinsic to the price process, and have to be estimated from the observed data (prices).  This can be easily accomplished in Excel.  is often called the volatility of the price, or vol.  At Enron we often hear daily vol, monthly vol, and so on.  They are all volatility parameters, but are estimated from different price curves.  Note that we represent  as a dimensionless parameter. 

In practice, people notice that GBM does not reflect certain important traits of the commodity market.  For example, when crude oil price goes up to say $30 per barrel, GBM says the price has roughly the same probability of going up and down, while most of us would believe that the price is more likely to go down, i.e. to revert, than to go up.  Furthermore, nature is mean reverting: believe it or not, children of tall parents are usually shorter than their parents, while children of short parents are usually taller.  To remedy this situation, mean-reverting processes are introduced to extend GBM.  Depending on one’s point of view, we can write down at least two types of mean reverting processes: 

which indicates the log of the price is mean-reverting to the log of the price, and

which indicates the price itself is mean reverting.  Here, in addition to  and , we have two more parameters  and . Roughly speaking, measures the speed of mean-reversion, and indicates to what level the process reverts.  Estimation of  and now becomes more involved. 

GBM implies that price movement is a continuous motion, in reality it is not so, as evidenced by a casual observation of the summer power price.  It is natural to add a jump factor to our GBM model: 

where , either a random variable or a constant, measures the magnitude of the jumps, and is a random process modeling how often jumps occur.  If we think of  as parameter, only a single new parameter needs to be estimated.  If we think of as a (e.g.) normally distributed random variable, then we need to further estimate its mean and variance.  Typically Poisson process, which often serves as an appropriate distribution for number of phone calls received during a fixed time period, is used for .  In this case we also need to know the expected occurrence per unit time (how often the jumps occur).  One can also incorporate both jumps and mean reversion into the model, which leads to Mean-Reverting Jump Diffusion Model.  

We have arrived at a fancier model, presumably describing the price process more accurately.  However, complexity comes with territory: we now have a more daunting task in front of us: estimating not 2 but 6 parameters: price mean, price volatility, mean-reverting speed, jump size, jump volatility, and jump occurrence (frequency).  With more parameters to deal with, things can easily get out of hand.  For example, one should estimate all the parameters at the same time, but this is an extremely difficult task, particularly when explicit expression of the distribution is not available.  One can “freeze” a few parameters to estimate the others, and then turn around and estimate these parameter using the just estimated parameters.  This procedure may work but is potentially dangerous: after two rounds of approximation, one really has no idea how far one has digressed from the “true” process, if there ever was such a thing.  

A caveat: the more complicated the price process, the more counter-intuitive it becomes and the more human error can be introduced.  A model can only be as good as the user of the model. 
A simple guideline to follow: one would rather be roughly right than be precisely wrong.  
