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1. Single Asset Option

In the Black-Scholes world, the option price satisfies the Black-Scholes differential equation

					Eq. 1

with boundary condition 

					Eq. 2

The underlying S satisfies the following stochastic differential equation

.   						Eq. 3

The option price c can be computed as the present value of the expected payoff under the probability measure consistent with Eq. 3,

						Eq. 4

Let us take a step back to understand the relationship between Eq. 1 and Eqs 3-4.  The coefficient in front of c gives the discount rate in Eq. 4, and the coefficient in front of  comes from the drift in Eq. 3. 

The Greeks for an option are also derivatives of S, what differential equations they satisfy? Let us firstly work on Delta.  Taking derivative with respect to S on the both sides of equation 1, we have

				Eq. 5





The boundary condition for Delta is as follows


					Eq. 6

We can similarly interpret the results Eq. 5-6 in terms of the underlying price process for Delta.  For Delta, the underlying price process is 

						Eq. 7

The discount rate for Delta is the dividend yield. Therefore we write down the Delta as the expectation consistent with the probability measure implied by Eq. 7,

						Eq. 8

The result for Gamma is as follows,

  	Eq. 9
		
									Eq. 10

Where stands for Dirac delta function, and
					Eq. 11

					Eq. 12



This summaries the major findings by Peter Carl.  But what can we make use of these results?  

The important message from this research I think is from, for example, Eqs. 7-8. It tells us, the underlying price process for Delta is given by Eq. 7, and the Delta can be computed as the discounted expectation.  The expectation can be easily computed via numerical techniques such as Monte-Carlo simulation.  Of course, for single asset option we can compute the expectation analytically, but if we deal with multi-asset option, numerical methods become essential.  So I need to generalize Peter Carl’s results to a multi-asset case.  

2. Multi-Asset Option Greeks 

Suppose we consider a n-asset option. The differential equation for the option price is
[image: ]			Eq. 13

In order to calculate Delta with respect to ith asset we take derivative to  on the both side of Eq. 13, we get

	Eq. 14

From Eq. 14 we get the underlying price processes for are

						Eq. 15

                  		Eq. 16


and .							Eq. 16’

The expression for is 

),							Eq. 17

The expectation is under the probability measure implied by Eq. 15 and Eq. 16. Although the expectation Eq. 17 may be difficult to obtain analytically, Monte-Carlo estimate can be easily carried out.  Therefore we can simultaneously calculate the option price and the Greeks without resorting to finite-difference of premium, which usually introduce bigger error for the Greeks.

3. Spread Option

We test our formulation on a dual asset spread option. The payoff function for the spread option is 

				Eq. 18

The boundary condition for Deltas are 

					Eq. 19

					Eq. 20
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