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As natural gas markets evolve, commodity trading firms increasingly are holding contract rights to use assets such as natural gas storage.  Inventory held in storage, and the rights to add to or withdraw from inventory in the future, can be hedged against contract positions held in the natural gas futures market.  Because different traders have different preferences, especially the tolerance level toward risk, there is more than one sensible trading strategy.  This paper analyses two strategies of trading gas in the futures market and their subsequent implications on the use of natural gas storage. Sufficient details are provided to allow for the actual implementation of these trading strategies. 

I.  INTRODUCTION

A sensible trading strategy around a storage asset naturally depends on the futures market prices.  At any given time there is a forward curve of observed futures prices and there is a belief of how this forward curve evolves over time.  A trading strategy may depend on both the observed forward curve and this belief.  Let’s call such a trading strategy A.  Alternatively, the trader may act solely on the basis of today’s forward curve.  We refer to this strategy as strategy B.

In strategy A, at the beginning the trader chooses a profile of hedging positions (futures contracts and future physical inventory levels) to maximize the total expected arbitrage value.  In doing so, he considers the currently observed forward curve, as well as his beliefs about changes to the forward curve during the holding period.  The willingness to consider the anticipated changes to the forward curve has important behavioral implications.  For example, assume that when one only considers the currently observed forward curve, filling up in the first month produces the maximum arbitrage value.  If the trader believes that the forward curve will move favorably with sufficiently large probability, he might consider not filling up in the first month; he might want to leave the storage half-empty in anticipation of the probable, greater spreads.  Indeed, these future shifts of the forward curve are unknown, but one can form beliefs (expectations) about its statistical properties, and optimize based jointly on the observed forward curve and these beliefs.

The hedged positions at the beginning will capture some amount of arbitrage value.  It is the intrinsic value.  After that a new forward curve is observed at every new time-step into the future, which may afford better hedging positions and additional arbitrage values.  The sum of all these additional values is the optionality value.  The critical difference between intrinsic value and the optionality value is that once locked-in, the intrinsic value is guaranteed, but the optionality value depends on realizations of future forward curves and is inherently stochastic.

In strategy B, the trader also hedges based on the forward curve and updates the hedging profile at each step in time.  But he hedges perfectly each time.  This means that he always hedges to maximize the arbitrage value based on the observed forward curve at the time, not considering how this forward curve may change in the future.

The strategy A will yield a higher expected value because it considers the impact of a given hedging profile both now and in the future.  In technical terms, the optimum is searched over a bigger set.  Nevertheless both strategies are sensible.  In strategy A, by not hedging perfectly, the trader is exposed to risk.  If realizations of the forward curve are not favorable, the hedged positions are sub-optimal, and the realized arbitrage value will be less.  On the other hand, in strategy B, by hedging perfectly at each step in time, the arbitrage value is locked-in and thus not subject to unfavorable shifts of the forward curve.  Although the expected value is less, it is not exposed to any risk, and therefore certain.  

In this paper we formulate these two strategies.  In doing so we assume that for both strategies the trader does not trade on margin.  He only sells gas when there is gas in the storage, and only buys when there is capacity to take delivery.  Under each strategy, we describe how to compute the optimal hedging positions and the total expected value of the trading strategy.  We also discuss how to incorporate storage contract characteristics, such as injection and withdraw ratchets constraints, and relevant techniques for numerical computation.  In the rest of the paper, Section II demonstrates the analytical process using a simple example.  Then Section III describes the mathematical formulation with sufficient details for actual implementation.  Section IV concludes.     
 
II.  A SAMPLE ANALYSIS

The trader observes five prices, at times 0, 1, 2, 3, and 4, representing the current period and four future periods (which covers the entire holding period).  He only trades twice, at time 0 and at time 1.  The storage field has a maximum capacity of 10 units, which takes one whole period to fully inject or withdraw.  The storage field starts empty, and must be empty at the end of the last period.  






At time 0 he observes the forward curve .  He also believes that at time 1, one of the two forward curves is likely to occur,  with probability , and with probability .  These forward curves are depicted in Figure 1.

Figure 1:  Current and Future Forward Price Curves
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IIa.  Strategy A

Upon seeing the forward curves, the trader makes buy-sell decisions for now





, and contingent decisions for time 1,  if state 1 happens, and  if state 2 happens.  Here  is the number of contracts to be sold at time 0,  is the number of contracts to be sold at time 1, etc., with the decisions made at time 0.  The objective is to maximize the total expected arbitrage value







subject to injection and withdraw constraints.  In the expression, the multiplication sign  represents the inner product of two vectors on matching elements, i.e.  but .  







In this total expected value,  is the intrinsic value locked-in at time 0.  The rest is the expected optionality value at time 1.  If state 1 happens, the price is  which implies an arbitrage value of .  Because the trader can unwind his earlier trading positions with a cost of , he will do so if   and keep the difference.  Otherwise he will do nothing.  Therefore the optionality value at state 1 is .  Subsequently we have the expected optionality value by considering both state 1 and 2.  This general problem is an optimization problem with non-linear objective function and constraints, and with many choice variables, which is clearly a very computationally intensive task.  However, it so happens that our example can be solved analytically. 




At time 0, it can be seen that the trader’s optimal choice is to sell , meaning that he buys x contracts at time 0, sell all of them at time 2, buys y contracts at time 3 and sell all of them at time 4.  Because of the capacity constraint, x and y are between 0 and 10.  First of all, it is easy to see from the forward curve that contracts should be bought at time zero and sold at time 2, and again be bought at time 3 and sold at the end.  If the trader just considers the forward curve at time 0, x should be 10, because the current price 2.3 is one of the two lowest prices.  However, for a trader practicing strategy A, he considers the forward curves in the next period too.  If he buys to fill up the storage (x=10), and the lower price =2 comes up at time 1, he will be unable to buy any more.  On the other hand, if he does not buy any to wait for the lower price (x=0), he will have to pay more if the higher price =2.6 appears.  As such x must be a calculated choice.  Similar consideration determines y.   


At time 1, the trader has an initial inventory x, which determines how many more can be bought or sold at that time.  The choices happen to be the same under both sets of prices: .  He should fill up the storage at time 1, sell all at time 2, fill up again at time 3 and sell all at the end.  Note that the only constraint on time 1 decision is the initial inventory from the purchase at time 0, all other contracts bought and sold at time 0 are not up for delivery and can be unwound if it is so desired.  Also important for finding this solution is the fact that unlike at time 0, time 1 is the last trading period, which means that decisions then have no future implications, therefore they should simply maximize the current arbitrage value.  Indeed this thinking is essentially the Bellman’s Principle of Optimization.  Readers familiar with dynamic programming can see that in a more complicated problem when one trades for many periods, this approach allows us to convert the original problem into a dynamic programming problem.  With only the initial inventory at each period as the link, one can start optimizing at the last period and move sequentially back to time 0, thereby dramatically reducing the number of choice variables at each step.    



For our example, to compute , , the other terms are 



and 

.

Therefore 








It is straightforward to see that  produces the results in Table 1.  These results are interesting.  Moving from column 2 to the right, the trader is increasingly more confident that the more favorable price scenario 1 will occur (increasing ).  The trader responds by committing less and less at time 0, first setting x to 0, and then both x and y to 0, opting to buy in the next period.  As a result he gets a lower intrinsic value and a higher optionality value.  The total expect value naturally is higher the more likely the more favorable prices will appear.  Note that  is greater than 20 if  is greater than 6/13, etc.

	Table 1.  Strategy A Trading Rules and Expected Values

	

	[0, 6/13)
	[6/13, 1/2)
	[1/2, 1]

	

	10
	0
	0

	

	10
	10
	0

	

Trading Decisions
	






	
Total Value 
	20
	

	


	Intrinsic Value
	20
	7
	0

	Optionality Value
	0
	

	




IIb.  Comparing with Strategy B


In strategy B, the trader maximizes the arbitrage value according to the current forward curve only.  This simply means committing to profile , which generates a maximum intrinsic value of 20.  However, in the next period because the storage is filled up from the purchase at time 0, the trader will be unable to respond to the new prices at time 1, as a result the optionality value is zero.  



Figure 2: Expected Values of the Two Strategies
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Figure 2 compares the expected values from strategies A and B.  The horizontal dotted line is , which is 20 regardless of the probability belief about the prices.  If the probability belief on state 1 () is small, even in strategy A the trader hedges completely, so ; when  is larger the strategy A trader starts to take some risk,  becomes larger.  A general result is that strategy A never yields a lower expected value than strategy B, and when the trader is sufficiently risk-averse or pessimistic about future prices, the two expected values converge.


Even though strategy A yields a higher expected value, it is not necessarily a better choice.  From Table 2, we see that the higher strategy A value is generated by trading off the intrinsic value.  This way, because the optionality value is stochastic, strategy A will have a higher value-at-risk.  Suppose that the trader believes the probability of state 1 happening is higher than 0.5, so he does not buy any contracts at time 0, from Table 2, the strategy will yield 11+19.  It is 30 if state 1 happens, but 11 if state 1 does not happen.  

Conditional on the trader’s action, the probability of a value being realized depends on the state of nature.  For the company as a whole there is a further question, what is the unconditional probability that a certain trading value, say 30, is realized if traders are following strategy A?  What is the value-at-risk?  To see this, note 


	 Pr(the realized trading value is 30)

	=  Pr(state 1 occurs, >1/2)


	=  Pr(state 1 occurs | >1/2)  Pr(>1/2),

where the first term is the probability of state 1 occurs conditional on the trader believing state 1 will happen with greater than half chance, the second term is the probability of the trader actually believing this way.  Therefore the unconditional probability of getting 30 depends on the probability that this belief is formed, and also on how this belief relates to reality.  For instance, if every time the trader feels optimistic about state 1, state 1 in fact does not occur, the trading value is never 30.  For a company following strategy A, value-at-risk depends not only on the state of nature, but also on the trader, not surprisingly.


A likely histogram of the probability distribution (not to scale) for realized values are depicted in Figure 3.  The assumptions are that  itself is evenly distributed, and it conforms with reality in the probabilistic sense.  This compares with a certain value of 20 if the trader follows strategy B.  It is clear that which strategy to chose depends on the trader’s preference for risk.

Figure 3: A Distribution of Strategy A Realized Trading Values
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III.  A GENERAL FORMULATION
 
The analysis above highlights the issues of concern in a simplified setting.  A real trader does not just trade twice, but everyday.  He also observes more than four futures prices.  To realistically implement the strategies, we need to provide a more general formulation.  The goal here is to provide enough details so that the formulation can be coded in FORTRAN, or C languages.   




Let time i represent  in real time, measured in trading days.   is the time interval between two consecutive trading decisions.  T is the trading horizon in month, e.g. T=12 is a 12-month trading horizon in which 12 futures prices are observed.  0 indicates the beginning of the evaluation period.  m is the total number of time steps needed to cover time period T, so .








Let  represent the contracts sold (bought if negative) between time i and i+1, now and for every month in the trading horizon.   is the forward curve observed at time i for same periods.  Note that as i goes up, certain elements of  and  become degenerate.  For example, if we start at 15 days to month 1, when i=50 days, we are in month 2, and there is no  or .  With this notation,  is the value of the profile at time i.

IIIa.  Strategy A










At time 0 the trader sells , which has a value of  given the forward curve at 0.  At time 1, the trader will observe a new forward curve and can sell (buy) new contracts  to have an inventory value of .  If , he can get an additional amount  by acquiring the new profile and unwinding the old, otherwise the trader will do nothing () and keep the value secured at the last period’s level .  As a result the total value after the decision at time 1 is .  Thinking similarly over a longer period derives the total value at the end of the last period as


,



where  is the non-stochastic intrinsic value, and  is the stochastic optionality value.  At the beginning of the trading period, decisions will be made to maximize the expectation of the total value.  Suppose there are two sets of potential future prices with associated probabilities, the objective is to


.   (1)
	
Similarly one can express the objective function when there are more than two sets of future prices.  In actual computation one would want to generate many realizations of the forward curve and subsequently the realized optionality values, the expected optionality value is then the average of these realized optionality values.  




	This optimization is done subject to a complicated set of injection and withdraw ratchet constraints.  At the minimum, at any given time, the amount withdrawn must not exceed the current inventory, the maximum capacity must not be exceeded, and how fast gas can be withdrawn or injected is a function of the current inventory level.  Typically, injection is faster when the storage is more empty, and withdrawal is faster when the storage is more full.  At time 0, the constraints on  are described below.  Denote  as the initial inventory at time 0,  as the inventory at the beginning of month 1, etc.  They are related as follows, 






Denote  as the maximum capacity.  The capacity constrains are, .  The ratchet constraints are,







where  are storage-field specific functions at period i, specifying the maximum withdrawal and injection bounds.  In addition, a storage field often has other equality constraints on the inventory for certain points in time, such as that it must be kept full in a particular month.  Similar constraints must be imposed on , .

	This is a very complicated computational task.  Various steps can be taken to make the computation more efficient, the most important among them is the dynamic approach illustrated in Section II.  They are not discussed here due to space limitation.

IIIb.  Strategy B 





The trader makes a series of independent decisions over time.  At time 0, he picks  to maximize ; at time 1, he picks  to maximize .  All above-mentioned constraints apply for these optimizations.  These are independent sequential optimization decisions.  Up to time 1, assume two future scenarios, the expected total value is 


.		

As discussed earlier, this expression represents the idea that if the value at time 1 is less than that in the last period, the trader will not update the profile, otherwise he will, and increase the total value by a positive difference.  More generally, the expected value for the whole trading horizon is 


.	(2)
			
	Comparing (1) and (2) reveals the difference of the two strategies.  Because the objective, total arbitrage value, is that same with both strategies, expressions (1) and (2) are identical.  In (1), the optimum decision is made only once based on all the forward curves, whereas in (2) the optimum decision is made sequentially based on only the observed forward curve at the time.  Put it this way, it should be clear that (1) is a global maximum, therefore it can never be smaller than (2).  However, basing decisions on unobserved future forward curves, the trader in strategy A is exposed to risk. As a result, the real realization of (1) could be less than (2), as we have seen in Section II.  

CONCLUSION 

In this paper, we proposed two hedging and trading strategies using natural gas storage.  We compared the expected values, and their associated risks.  Strategy A has higher expected value as well as higher risk.  It must be recognized that, for practitioners, the real risk of choosing strategy A is even greater than what is shown here.  The basis of a trader’s belief on future prices is the theory in generating the forward curves, if this theory is precise, the trader is exposed to the risk associated with nature.  If this theory is not precise, an additional risk factor is added.  A trader should choose a trading rule balancing risk and return based on his own preferences.

Although our discussion focuses on issues about natural gas storage, many aspects of our approach are generic and can be applied on other problems.  They should be of interests to audiences in commodity trading, asset management and valuation, and risk management.        
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