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In our last two articles we have looked at analytical solutions for simple European options [EPRM March 2001] and volatility estimation [EPRM April 2001] for a multi-factor forward curve model that can be represented by the following equation;

		(1)

In this article we show how very general European derivatives can be priced and extend the analysis to path dependent and American style options.

Pricing General European Derivatives

We begin by considering a general European option, with maturity date denoted by  T, whose pay off depends on a portfolio of forward prices with maturities on a set of dates sk, k = 1, ..., m (with face values ck.  The payoff at the maturity date T we represent by C(T,{ck, F(T, sk)}) with the price at the valuation date, t, given by the expectation;

		(2)

 is the discount factor to the maturity of the option.  It is well known that the expectation operator, , can be evaluated via Monte Carlo simulation – also known as Monte Carlo integration – simply as the average of the simulated payoff values.  Derivative valuation therefore involves simulating the currently observed forward price curve  until time T to obtain  for all k.  The expectation of equation (2) is then taken over the m-dimensional normal distribution of the correlated natural logarithms of the forward prices, .  In order to perform Monte-Carlo simulation we compute the mm covariance matrix of the forward prices at the maturity of the option, in the standard way;

	

To efficiently sample under this covariance matrix we compute the orthogonal representation of the covariance matrix which returns the m eigenvectors  and associated m eigenvalues  such that

	

where		 and 

Let M be the number of Monte Carlo runs and ,  be independent standard normal random numbers associated with each run.  The option price in equation (2) is therefore evaluated as;

		(3)

where	

Because of the Gaussian nature of this framework we effectively jump straight to the end of the life of the option under each simulation, rather than the more usual practice of simulating at a large number of small discrete time steps until maturity.  This formulation also gives a natural way to trade off accuracy with speed by truncating the integration space dependent on the sizes of the eigenvalues.  The size of eigenvalues indicate the relative importance of the corresponding eigenvector factors in reproducing the covariance matrix   Therefore by truncating the eigenvector representation we reduce the dimensionality of the Monte Carlo integration and thus reduce the computation time required but at a cost of reducing the accuracy.

Example: Pricing a European Energy Swaption

To show the technique applied to a specific product we value a cash settled energy swaption, with maturity date T, to swap a series of floating spot price payments on dates , k = 1 to m, for a fixed strike price amount K.  The payoff can be written as:

	

From equation (3), we have;

	

Pricing European Style Exotic and Path Dependent Options

Our pricing analysis is easily extendable to pricing a range of exotic and path dependent options.  As an example of an option with a terminal payoff dependent on the path taken by the spot instrument or a forward contract, we show how to price an Asian option.  The methodology we describe is equally suited to barriers, lookbacks, and other exotic options.  We consider the following fixed strike European Asian call option.  The maturity of the option is assumed to be sm with the payoff determined by the average of the sm-maturity futures contract observed at times s1,…, sm with s1 < … < sm.  The last observation is therefore also the spot price at time sm.  The value can be written as the following discounted expected payoff;

		(4)

In order to evaluate equation (4) we need a more general representation than (3) because the maturity payoff is determined by observables at times other than maturity.  We now consider any contingent claim to be a series of possibly contingent cashflows, , occurring on dates , k = 1, ..., m and depending on forward prices with maturity dates also on the set of dates  with face values ck and also on the parameter vector   The price of a contingent claim of this form is given by

		(5)

The expectation is taken over the mm-dimensional normal distribution of the correlated natural logarithms of the forward prices .  In order to perform Monte-Carlo simulation to evaluate (5) we must therefore compute the m’m’ covariance matrix  (where m’=m2);

	

In order to efficiently sample under this covariance matrix we again compute the orthogonal representation of the covariance matrix which now yields the  eigenvectors  and associated  eigenvalues .  Using this result, and applying to our example of the Asian option of equation we therefore have;

	

where	,  l' = kl

Other path dependent options can similarly be handled in this way.  For example, for European barrier options with the barrier fixed against the level of the sm-maturity futures contract observed at dates s1,…, sm, we can use the above methodology to calculate the forward observations  for k = 1,…, m.  The values are then compared to the barrier level to determine if the barrier has been crossed.  Similarly for lookback options, the forwards on the reset dates can be calculated using this method and the maximum or minimum determined from these observations dependent on the option characteristics.

Options on Multiple Energies

Often energy derivatives are written on two or more separate energies - say natural gas and electricity. Option contracts of this type require the joint distribution of the two forward energy price curves.  We can extend the multi-factor forward model of equation (1) to simultaneously model a number of different energy forward curves (indexed by e);


		(6)


where e = oil, gas, electricity, etc.  Increments in the different energy forward curves are expressed in terms of a consistent set of volatility functions, , which describe how all the forward curves evolve together.  For example, the first volatility function describes how the primary factor affects all the energy forward curves.  Under this model all forward price returns are jointly normally distributed.  Option prices can again be computed via Monte Carlo simulation.





As an example we value a crack spread option.  Let  represent the price of an -maturity futures contract on energy a and  represents the price of an -maturity futures contract on energy b then the payoff to the option can be represented by  for some fixed K, and the price of the option via Monte Carlo evaluated as;

	

Note that the calculation of the Y terms now depend on the elements of the decomposed joint covariance matrix derived from the evolution of the two energy forward curves.

Valuation of American Options

The valuation of American options is typically difficult to evaluate in the simulation setting of this article.  The problem arises because simulation methods generate trajectories of state variables forward in time, whereas a backward dynamic programming approach is required to efficiently determine optimal decisions for pricing American options.  However, by supplementing Monte Carlo integration with spot price trees [see our EPRM April 1999 article] we can generate an early exercise strategy that allows us to efficiently obtain approximations for the prices of American style derivatives.  The price of an American style contingent claim reflects the extra premium derived from the ability to exercise early.

The single factor model of the April 1999 article can be considered as a one factor restriction of the general model of this article and is represented by the process;

	

where the time dependent function in the drift term is determined by the initial forward price curve, and where  represents the speed of mean reversion of the spot price process and  the volatility of spot price returns.  A trinomial tree can be constructed consistent with the initial forward curve and the overall volatility function in the multi-factor model.  The tree constructed in this way allows us to determine an approximate early exercise strategy for American contingent claims.  We use the resulting approximate early exercise boundary as an input into our multi-factor Monte Carlo simulation.  If we represent this early exercise strategy by the parameter vector  we can obtain a lower bound approximation to the price of the American contingent claim under the full model using

	

Furthermore we can obtain an arbitrarily good approximation by maximising the value of the contingent claim with respect to the early exercise strategy.
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