Technical Corner

Giuseppe A. Paleologo

“Suppose there are two types of cabs servicing the city: blue (15%) and green (85%). A witness to an accident identifies the cab involved as blue. He was tested to have the ability to identify correctly a color 80% of the time. What is the probability that the cab involved in the accident was blue rather than green.”

In solving this problem we will favor clarity over brevity. Brevity may be the soul of wit indeed, but Lord Polonius was not playing the role of the probabilist in “Hamlet”.

Let’s represent the information contained in the problem in a visual fashion. We show events like “the true color of the cab involved in the accident is blue” as boxes, and associate probabilites to the lines connecting boxes:



For example, the number 0.80 indicates that the probability that a witness identifies the cab as blue, given that the cab is actually blue. The numbers on the right of the graph are the probabilities of the joint events, and are simply the products of the individual probabilities. If we want to know the probability of the witness identifying that the cab as blue indepedently from the true color of the cab, we just have to sum the first and third number: P(see blue cab) = 0.12 + 0.17 = 0.29. Similarly, P(see green cab) = 0.03 + 0.68 = 0.71.

Now, we are interested in a different piece of information. We know that the witness identified the cab as blue, and we would like  to know the probability of it being blue! In other words, we want to “flip” our tree as follows:


On the right side we have again the probabilities of the joint events; of course they do not change. On the left side we have the probabilities that the witness identifies the cab as blue or green; we computed it above. Finally, P is the probability that the cab is actually blue when the witness identifies it as blue. The value is such that 0.29 ( P = 0.12, i.e. P = 0.41. Based on the witness, the probability that the cab is actually blue is 41%. 

The above problem is a simple instance of Bayes’ theorem.  If your intuition suggested a higher value for P, be assured that you are not alone. Great mathematicians like D’Alembert or Paul Erdős have committed the same error. In fact, scores of experimental studies by behavioral psychologists have shown that humans don’t update their beliefs according to Bayes’ theorem when they receive new information. Nevertheless, Bayes’ theorem is the cornerstone of a whole branch of statistics, with deep implications for biostatistics (e.g., in medical trials), forensic statistics (like the toy problem shown above), and artificial intelligence (bayesian networks, also used by the “help” system of Microsoft Office).
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