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 Introduction

This document discusses constraints on smile shapes for the implied volatility for European calls and puts for a fixed expiry date. It is aimed at quantitative analysts and options traders to aid in the construction of volatility smiles which will not contain arbitrage opportunities for a competitor. 

1 Volatility Smiles and the Implied Probability Function

A risk neutral probability density function can be constructed from the volatility smile in the following way. 

· Suppose the price of the underlying at time t expiry is X(t), 

· C(K) is the price of a European call option with strike K, 

· DF is the discount factor 

· T is the time of expiry

· The implied cumulative probability function, CPDF(K), is the risk neutral probability that X(T) < K.

· PDF(K) is the risk neutral probability density function.  

Then with reasonable assumptions we have
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The prices C(K) and the derivatives can be calculated using the Black-Scholes-Merton formula and the volatility smile shape. To obtain no arbitrage pricing the implied probability density function and cumulative probability density function must satisfy the conditions for actually being probabilty functions. The conditions for no arbitrage are the following 

· The cumulative probability is between 0 and 1 i.e.
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· The total probability is 1 i.e. as
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· The probability density function is non-negative i.e.
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These tests can be verified directly. If the functions satisfy these tests then this does not mean a replicating portfolio exists i.e. the options may not be hedgeable.

2 Finding the Arbitrage

Suppose that 
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for some K. Then this means that a European cash or nothing digital call with strike K has value greater than DF the discount factor. So someone could sell us such a call for more than DF and hedge it by investing this cash in a savings account. A European digital call option can be constructed to arbitrary precision from a call spread. So a long position in the above digital can be constructed by going long N call options with strike K-1/N and going short N call options with strike K with N large. This means that a counterparty can obtain this arbitrage by trading vanilla options with us.

If the total probability is less than 1 then an extremely in the money digital call will have premium less than DF. So a couterparty could buy an extremely in the money digital call borrowing an amount less than DF. The option is bound to expire in the money paying off the counterparty’s debt and leaving a profit.

Now suppose that 
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for K satisfying A <K< B. Then the price of a cash or nothing range note paying $1 if X(T) is between A and B and 0 otherwise is negative. So someone could buy such an option from us for a negative amount. A long position in this  range note can be constructed by going long a European digital call with strike A and short one with strike B. These digitals can be constructed from call spreads thus a counterparty can obtain this arbitrage by trading vanilla options with us.
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