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Abstract 

We present a highly efficient “Reliability-VAR” methodology for calculating Value-at-Risk (VAR) and other tail-risk measures for a portfolio of derivative securities. The new methodology is motivated by the First- and Second-Order Reliability Method (FORM/SORM), a widely used technique to estimate failure probability in structural engineering.  The probability of loss due to market price fluctuations is analogous to the probability of failure in structural engineering. 

The Reliability-VAR framework handles correlated non-Gaussian (fat-tailed) distribution of price returns as well as any “reasonably regular” non-linear portfolio payoff function.  Unlike standard Monte Carlo simulation, the computational burden in FORM/SORM does not increase for low probability events. The framework is feasible even when the number of random price returns considered is large.  We present numerical examples to demonstrate the superiority of the Reliability VAR approach with respect to speed and accuracy over standard methods used in the financial community.  

Keywords: Value-at-Risk, VAR, Expected Tail Loss, Structural Reliability, FORM/SORM, Importance Sampling, Monte-Carlo Simulation. 

1.  Introduction

Increased volatility in financial markets has spurred development of probabilistic measures of portfolio risk arising out of adverse price movements.  Value-at-Risk (VAR), by-far the most popular among such measures, answers the question: “How much money might we lose over a given time horizon with a given small probability assuming that the portfolio does not change?”  Calculation of VAR and related risk measures, such as the Expected Tail Loss, requires accurate estimation of the lower tail of the return distribution.  Practical implementation of such tail-risk measures for a trading portfolio calls for making assumptions about the form of the underlying price processes and the payoff equations of the underlying instruments.  

The Monte-Carlo method entails simulating prices of the underlying instruments over a specified time horizon and calculating the portfolio value for each set of simulated prices, from which a probability distribution of changes in portfolio value is developed.  Typically a large number of simulations is required to reliably estimate tail probabilities.  As a result, simulating additional risk measures such as the Expected Tail Loss may become impractical, especially if the portfolio payoff is a function of a large number of price returns (risk factors), is expensive to evaluate, and /or the return distribution is fat-tailed (leptokurtic).  

The Analytical VAR approach suggested by Duffie and Pan, 1999, overcomes this difficulty by using a fast convolution technique, but the methodology requires that the portfolio be represented by its “delta-gamma” sensitivities to underlying price returns and the non-Gaussianity of price returns, if any, be modeled through discrete jumps.  In contrast, the approach we use in this work is not constrained by a delta-gamma representation of derivative positions.  Moreover, our framework is capable of treating price returns that are specified by their fat-tailed (non-Gaussian) probability distributions.  We show that the Reliability-VAR approach works very well even in extreme cases, when the portfolio consists of hedged instruments making delta-gamma representation insufficient for capturing the tail risk. 

2.  Implementation of FORM/SORM for Value-at-Risk calculation

 To illustrate the basic idea behind Reliability VAR, let us consider a portfolio of stocks and options (on stocks).   We are interested in the probability distribution of the portfolio value change, d, over a short time horizon (:
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Here Ni is the quantity (number) of the ith derivative position on stock i, Si is the underlying stock price, ci (Si) is the value of the ith derivative position as a function of the underlying stock price, (0 is the initial value of the portfolio, and n is the total number of different instruments in the portfolio.  

Next we express the portfolio value-change (profit or loss) function as a function of standard Gaussian variates.  Standard Gaussian variates have zero means, unit standard deviations, and are independent of each other, i.e., have zero pair-wise correlation.  

2.1 Representing portfolio loss as a function of standard Gaussian variables

For now we assume that the underlying stock prices are log-normally distributed, which are specified by drifts ( = [1, 2, ….n]T and an n-by-n variance-covariance matrix C of the corresponding log-returns, which are normally distributed.  For the case of lognormal prices, the process of representing the portfolio loss as a function of standard Gaussian variates is well documented in the literature. We present the transformation below in order to introduce terminology and notations we use throughout the paper. In a Section 3 and in Appendix IV, we show how to develop such a transformation if one or more underlying prices have non-Gaussian returns.

Following the standard practice, the covariance matrix C is factorized.  In this work, we use the “Jacobi transformation” to obtain an n-by-k (where k < n) matrix J such that 
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.   Note that k is less than n if some of the price returns are perfectly correlated. The random stock price Si at time ( can then be expressed as a function of the starting price Si0 at time zero and a set of standard Gaussian risk factors, U1, U2,…,Uk, as follows:
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Equations (1) and (2) together express the portfolio loss, d(, as a function of k standard Gaussian variables, which are transformed risk factors for the portfolio.

For the VAR problem, we are interested in finding the portfolio value change ( (with negative value signifying loss) corresponding to a small probability of non-exceedance q (= 1 - p, where p is the VAR confidence level) such that:
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Instead of finding ( for a specified probability q, we solve the inverse problem, i.e., we calculate probability q for a given loss threshold (.  We actually solve the inverse problem for a range of different ( values covering the desired range of the lower tail of d( distribution.  We denote the level surface defined by d = v in Rk as the limit-state surface.  Points on the limit-state surface represent states of risk factors that produce the same specified value change (loss) v.  The equation d - v = 0 is referred to as the “limit-state equation” in the structural reliability literature and is generically denoted as: 

G(u1, u2,…,uk) = 0;   or more generally G(u1, u2,…,uk;  v) = 0


(4)

Clearly the function G(.) depends on the specified loss threshold, v.  Figure 1 illustrates the concept of limit-state surface in a two-dimensional Gaussian space.  All points on the line G(u) = 0 represent pairs of risk factor values (u1, u2) that produce the same loss value.  

Probability of loss q can be obtained by integrating U(.), the probability density function of standard Gaussian variates, U1, U2, …, Uk, over the loss region, denoted by d  < (:
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The first and second-order reliability method (FORM/SORM) is essentially a fast and efficient probability integration technique to estimate the probability content of the loss region bounded by the limit-state surface.  Central to the FORM/SORM methodology is the concept of  “design point,” which is described next.  

2.2  “Design Point” and how to locate it
The beauty of the standard Gaussian space is that it is rotationally symmetric and the probability density U(u) tapers off exponentially with the square of the distance of the point u from the origin.  Therefore, the largest contribution to the integral in Equation (5) comes from the vicinity of u*, a point on the limit-state surface that is the closest to the origin (see Figure 1), referred to as the “design point” in structural-reliability literature.  The design-point coordinates represent the most-likely-to-occur states of the risk factors that cause the portfolio loss to be equal to the selected threshold v.  The direction cosines of the gradient vector  at the design point (see Figure 1) represent sensitivities of the loss probability with respect to various risk factors.  Neither Monte-Carlo, nor numerical integration techniques yield these important pieces of information often sought by risk managers to facilitate portfolio hedging and VAR management.  

The design point is found by solving a constrained optimization problem:  minimize |u|, subject to G(u) = 0.  The design-point search algorithm used in this work is described in Appendix I.  

In the standard (brute-force) Monte-Carlo method, the portfolio loss is calculated for a number of randomly generated vectors in the u-space.   In the Reliability-VAR framework, we use the knowledge of design point to focus our computational efforts in the vicinity of the point that contributes most to the loss probability.

2.3 First-Order Reliability Method (FORM)

If the portfolio loss is a linear function of independent Gaussian risk factors U1, U2,… , Uk, it can be shown (Appendix II) that the loss probability q in Equation (5) reduces to a simple expression:
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where  is the distance of the “design point” from the origin and (.) is the standard Gaussian cumulative distribution function. 

In general, the portfolio loss is a non-linear function of the risk factors, u, in which case the expression (-) is only an approximation to the exact probability and is referred to as the first-order reliability method (FORM) approximation.  In effect, FORM entails approximating the limit-state surface by a linear hyper-plane, which is tangential to the limit-state surface at the design point.  The quality of the FORM approximation depends on the curvatures of the limit-state surface at the design point.  In the numerical examples presented in Section 4, we found the error of FORM approximation to be in the range of 2%-4% for non-exceedance levels in the range of 10-5 to10-1. The FORM approximation error decreases for lower probability levels because the limit-state surface becomes flatter, which reduces the error due to the linear approximation.
Even for complicated limit-state functions, it usually takes only a few iterations (5-50) for the algorithm in Appendix I to find the design-point.  The FORM estimate is computationally trivial once the design point is known (see Equation (6) and Appendix II).  Hence, a FORM calculation involves only a few evaluations of the payoff function and its gradient.  

2.4 Second-Order Reliability Method (SORM). 

In SORM, the non-linear limit-state surface is approximated by a second-order surface fitted at the design point (see Figure 1).  The standard practice in SORM is to construct a parabolic surface by matching the curvatures of the limit-state surface at the design point (see Madsen, Krenk, and Lind, 1986).  The structural-reliability literature offers a number of so-called SORM corrections for estimating the probability content of a region bounded by the fitted parabolic surface.   We describe this traditional SORM approach in more details in Appendix III.

We can also efficiently calculate second-order corrections using the Analytical VAR methodology combined with the knowledge of design point.  If the non-linear limit-state surface is sufficiently smooth, we can approximate it with a quadratic function at the design point.  We use the first three terms of Taylor series to obtain a quadratic approximation of the limit-state surface described by Equation (4) at the design point u*:
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Before we can use the Analytical VAR approach, we need to rewrite the left hand side of Equation (7) as a sum squares of independent Gaussian variables plus a Gaussian variable. This is achieved by a linear transformation described in Duffie and Pan, 1999. The calculation of first and second partial derivatives of G(u) in Equation (7) can either be obtained analytically or numerically.  The calculation of first derivatives is described in details in Appendix I.  The second derivatives, used in Equation (7), are calculated similarly.

The standard implementation of Analytical VAR (Duffie and Pan, 1999) uses delta-gamma sensitivities of the portfolio calculated for current market prices, i.e. at the origin of the standard Gaussian space.  For highly non-linear portfolios, we can improve the VAR estimation accuracy considerably by using delta-gamma sensitivities calculated at the design point instead of those at the origin.   A payoff function based on design-point delta gamma sensitivities is more accurate in the region of interest, i.e., which contributes most to the integral in Equation (5).   The accuracy is gained at expense of additional computational efforts in locating the design point, which is minimal.  Note also that we need to find the design point and perform SORM or design-point Analytical VAR calculations for a number of selected loss thresholds.  

The number of operations to perform curvature-fitted SORM or Analytical VAR calculation grows as k3. For a large number of risk factors (k > 100) the computer time needed to calculate SORM significantly exceeds the time spent in locating the design point.  Some SORM approaches, e.g., the point-fitted parabolic-surface approximation, are available that are less burdensome for problems with a large number of risk factors.  However we are yet to experiment with alternative SORM approaches.  For a portfolio with a large number of risk factors, we currently recommend using a design-point based Importance Sampling strategy instead of using curvature-fitted SORM or Analytical VAR.   

2.5 Design-Point Importance Sampling

In importance sampling, we exploit the knowledge of the design point to increase the efficiency of Monte-Carlo Simulation.   The probability integral in Equation (5) can be written as follows in terms of (u), a new sampling density function, and I(u), an indicator function, which is 1 if d < 0 and 0 otherwise:   
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and the loss probability is estimated from:
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where u(j)’s are N independent samples drawn using the sampling density  (u).

In standard (brute-force) Monte Carlo method very few of the simulated outcomes represent loss events, which results in a large variance of estimation for the calculated loss probability.  Importance sampling can be extremely efficient if the sampling density,  (u), is properly chosen.  A “good” choice is to shift the mean of the sampling density function from the origin to the design point, whose neighborhood contributes the most to the loss probability integral in Equation (5).  The importance sampling procedure therefore requires finding the design point first and then simulating portfolio value changes using a sampling density that is focused around the design point.   Importance sampling can greatly improve the accuracy of Monte Carlo estimation as is shown in Figure 4.    

2.6 Multiple design points

In majority of practical problems we expect to find a single design point that affects the loss probability calculations. This implies that either there is only a single design point, or even if multiple design points exist, one of them is much closer to the origin compared to the others. It is however possible to construct artificial examples of limit-state equations having multiple design points (local minima) located at roughly comparable distances away from the origin in the standard space. 

To locate multiple design points, if they exist, we use an algorithm described in Der Kiureghian and Dakessian, 1998.  This algorithm is based on adding “bulges” to the G-function at the previously identified design points. This forces the search algorithm to look outside the vicinity of the design points that has been already identified.  

The probability contribution from multiple design points can be taken into account by computing the union of failure events as is common in series-system reliability analysis (see Madsen, Krenk, and Lind, 1986).  Alternatively, one can use design-point importance sampling with a sampling density  (u) equal to a weighted sum of the sampling density functions corresponding to the most important design points.  

3. Extension of Reliability-VAR framework to treat fat-tailed price returns

To use the Reliability-VAR approach it is necessary to transform the random variables representing original price returns, X, into a set of standard Gaussian variates, U.  As long as the payoff function can be expressed in terms of normally distributed price returns, which in general may be correlated, mapping of the failure surface to a standard Gaussian space requires only a simple transformation - a translation (to remove mean), scaling (to normalize standard deviation), and rotation (to remove correlation).

If the price returns are fat-tailed, their complete probabilistic description requires specification of a joint non-Gaussian distribution.  In practice, a joint distribution function of all price returns is seldom available.  In this work, we assume that we know the marginal probability distributions of price log-returns, specified either by their cumulative distribution functions or by their first few marginal moments and pair-wise linear correlations between them. 

3.1  Scalar transformation to the standard Gaussian Space

The transformation to the standard Gaussian space proceeds in two steps.  The first step involves relating each of the price returns, Xi, in general non-Gaussian, to a zero-mean unit standard-deviation Gaussian variable, Ui, through a scalar (univariate) transformation. In effect, we seek a set of functional transformations of the form xi = Ti(ui) that relates each Xi to Ui, its Gaussian counterpart.

As described in Appendix IV, the transformation is simple if the cumulative distribution function of Xi is known.  Appendix IV also provides an approximate scalar transformation that relates Xi to Ui, when only the first four marginal moments, mean, standard deviation, skewness coefficient, and kurtosis coefficient of Xi are known instead of its full cumulative distribution function.  

The next step in the transformation process is to map the linear correlation from the original x-space to the u-space

3.2 Correlation Mapping from x- to u-space

The scalar transformations described in the previous section result in mapping the price returns, Xi’s to a set of correlated Gaussian variates Ui’s.  Let x be the correlation coefficient between the pair Xi and Xj and let the corresponding Gaussian variates be Ui and Uj, such that:  xk = Tk(uk), where k = i, j.

The “equivalent Gaussian correlation” u (correlation between Ui and Uj) that produces the desired correlation, x, between the corresponding non-Gaussian random price returns, Xi and Xj, can be estimated using the Hermite expansion method described below.  These estimates are found to agree well (see Winterstein, De, and Bjerager, 1989) with exact results for u, calculation of which require iterative use of double integration over the joint Gaussian density (Der Kiureghian and Liu, 1986).   

Following the approach presented in Winterstein, De, and Bjerager, 1989, we decompose the transformations xi=Ti(ui) and xj=Tj(uj) by a series of orthogonal bases associated with Hermite polynomials:
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in which the coefficients tkn for k = i, j, … are given by:
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In these notations, E(Xi) = ti0 and E(Xj) = tj0. Coefficients tin and tjn in Equation (10) are scalar products of the transformation function and the corresponding Hermite polynomial with weight , where (.)is a one-dimensional Gaussian probability density function.

The binormal probability density can be expressed in terms of Hermite polynomials as follows (Winterstein 1987):


[image: image12.wmf]å

¥

=

=

0

2

)

(

)

(

!

)

(

)

(

)

,

,

(

n

j

n

i

n

n

u

j

i

u

j

i

u

H

u

H

n

u

u

u

u

r

f

f

r

f






(12)

where (.) is the standard Gaussian density function.  It can readily be shown that the Hermite polynomials, Hn(U) for n = 1,2,3, ….have mean = 0 and variance = n! and are uncorrelated (i.e., orthogonal) to each other.  Hence  
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The covariance of Xi and Xj can then be expressed as follows:
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Hence, the mapping relationship between the correlation in x- and u-space can be derived as follows:
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where, (xi and (xj are standard deviations of Xi and Xj respectively. We can solve the last non-linear equation numerically. Usually a satisfactory estimate of u can be obtained by truncating the series at n = 3 and inverting the resulting cubic equation.  

A covariance matrix for correlated Gaussian risk factors, U1, U2, …., Un, can be assembled from pair-wise correlation coefficients, calculated using Equation (13).    Following the standard linear algebraic procedure described in Section 2.1, we factorize the covariance matrix and derive a linear transformation for mapping the correlated Gaussian risk factors into standard Gaussian risk factors, which are uncorrelated.   Thus it becomes possible to use FORM/SORM when one or more risk factors have non-Gaussian distributions. 

The transformation to the standard-Gaussian space discussed above can also be used in conjunction with Monte Carlo Simulation and Analytical VAR methodology.   

4.  Numerical results

We present below a few numerical examples for portfolios of stocks and options.

4.1   Example 1: Equity portfolio of 178 stocks and options

For an equity portfolio of 178 stocks and options we calculate the tail of the distribution for daily changes in the portfolio value using first- and second-order reliability methods, see Figure 2. The portfolio mostly consists of stock positions, but it also includes European and American options. 

Figure 2 shows FORM and SORM solutions as well as Monte-Carlo results with 5,000 and 50,000 simulations. Finding the first design point and calculating the corresponding FORM probability without the curvature correction hardly takes any computational effort. Although the SORM solution on the plot overlaps the FORM solution, SORM results in this case imply a correction in the range of 3.8%-1.5% to the FORM results. Monte-Carlo simulations with a sample size of 5,000 produce a wiggly distribution function, while with 50,000 samples we achieve decent accuracy for higher probability levels.

4.2   Example 2: Importance sampling based on the knowledge of design points.

Figure 3 compares the results of brute-force Monte-Carlo simulations with that of importance sampling for the same portfolio. We first determined the design point corresponding to a loss probability equal to 10%.  For importance sampling we simulated standard multi-normal vectors with the mean at the design point. The tail of the loss distribution is calculated for 500 and 5000 simulations. The number of simulations required to calculate the tail of the distribution is a few orders of magnitude less for design-point importance sampling when compared to the standard brute-force Monte-Carlo technique. 

4.3   Example 3:  Hedged portfolio of stocks and options 

Since we are interested in evaluating the performance of a new technique, we tested the new methodology against a portfolio with a highly non-linear limit-state surface, where the delta-gamma representation is clearly inadequate.   Such is the case for a portfolio with hedged instruments.  Hence VAR results based on linear approximation of the failure surface (e.g., using FORM) as well as results based on delta-gamma representation of the payoff function (e.g., using Analytic VAR, SORM or Monte Carlo) are expected to be quite different from that obtained from a large number of Monte Carlo simulation of portfolio returns with full options revaluation for each set of simulated price. 

In this example we consider a portfolio consisting of 30 options and 30 stocks, paired to hedge each other. We assume lognormal distributions for the set of 60 underlying stock prices. The correlations between the stocks are assumed to be of the form:
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The options are assumed to be at-the-money American and European options, expiring in 5 days. The volatilities range from 20% to 110%.  For each stock and option pair, the number of stock shares is chosen to approximately hedge the corresponding option position. The portfolio contains 1000 shares of options on stocks number 1, 3, 5, …, 59 and 550 shares of stocks number 2, 4, 6, …, 60.   Such a portfolio has positions with very high gammas. 

Figure 4 shows the tail of the loss distribution for this portfolio calculated by three different methods: brute-force Monte-Carlo simulation, Analytical VAR and FORM/SORM (Reliability VAR).  In this example, the accurate calculation with FORM/SORM method requires finding two closest design points and using SORM approximations at the design points. Reliability VAR matches the simulation results very well in spite of the SORM approximation, presumably because the SORM approximation is carried out at the design point, whose neighborhood contributes the most to the loss probability

As expected, the Analytical VAR results, which are based on delta-gamma representation of the portfolio positions at the initial price, are very different from full-revaluation Monte-Carlo and FORM/SORM results.  

Monte-Carlo requires many simulations to accurately estimate the tail of the distribution.  In this example we used 100,000 simulations and the results are in a good agreement for percentiles p greater than 0.08%. For p < 0.08% the accuracy of Monte-Carlo method is not sufficient. The time expenditures are 20 sec. for Analytical VAR, 35 sec for Reliability VAR and 55 sec for Monte-Carlo on a Pentium III, 850 MHz, desktop computer. 

4.4   Example 4:  Matching four moments of marginal distributions and correlations across underlying stocks with “fat-tailed” return distribution.

In this experiment, we consider again a portfolio of the same 30 stock-option pairs described in the preceding section.  We further assume that all the marginal distributions of stock log-returns have equal skewness coefficients of 0 and equal kurtosis coefficients of 4, i.e., the distributions are “fat tailed”.  Following the approach outlined in Appendix IV and Section 3, we transform the probability estimation problem to the standard Gaussian space.  Figure 5 shows the tail of the distribution of daily portfolio value changes, calculated using Reliability VAR (SORM) and Monte-Carlo with 100,000 simulations. For Monte-Carlo simulations, we used the same transformation used in Reliability VAR to simulate log-returns with prescribed marginal moments and pair-wise correlations. In Figure 5, we also present distribution results for Gaussian log-returns having the same means, standard deviations, and pair-wise correlations between them as the non-Gaussian variables. As expected for lower non-exceedance thresholds the two distributions diverge. The computational expense for the fat-tailed risk factor case is not any higher than that for the portfolio with Gaussian risk factors.

5.
Conclusions

We propose “Reliability VAR” – an efficient method of estimating tail probabilities of portfolio returns.   The framework is based on first- and second order structural reliability methods.  This new method of calculating VAR is not restricted to representation of positions in a portfolio as delta-gamma sensitivities to the underlying prices. We also show that the proposed framework works well in the presence of price returns with so-called “fat tails”.  

We compare the speed and accuracy of the new method to standard techniques of calculating VAR and show that the new method is superior to existing methods.   High accuracy and significantly reduced computational burden makes Reliability VAR very attractive for calculating Value-at-Risk and additional tail risk measures such as the Expected Tail Loss.  Besides, knowledge of the design-point and sensitivity vectors, obtained as byproducts of Reliability-VAR calculations, may prove valuable for hedging and VAR management at the portfolio level.  
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Figure 2. Performance of  “Reliability” VAR in estimating the tail of portfolio return distribution   
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Figure 3. Comparative efficiency of design-point importance sampling and ordinary Monte-Carlo (brute-force) simulation 
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Figure 4.   Comparison of different methods to calculate tail risk of a portfolio of hedged instruments with highly nonlinear payoff functions; Reliability VAR result is based on multiple design point and SORM approximation; Analytical VAR is based on delta-gamma approximation at the initial price level
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Figure 5. Use of Reliability VAR in the presence of  “fat-tailed” price returns (kurtosis coefficient of all log-returns equal to 4).
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APPENDIX I

Search algorithm for finding the “design point” in the standard Gaussian space

We use a simple iterative procedure described in Der Kiureghian and Dakessian, 1998, to calculate the coordinates of the “design point”.  It is based on the fact that at the “design point” u*, the gradient of the function G(u*) is collinear with vector u* (see Figure 1).   In its simplest form, the algorithm finds a sequence of vectors u(m), each one calculated as follows:
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(I.1)

We start with an initial point u(1), e.g., the origin, and find a new iteration point u(2), using the recursion formula above repeat the process until convergence is achieved.  Equations (1) and (2) in the main text is used to evaluate the function G for a given u. The gradient of G is calculated using the following equations, derived from Equations (1) and (2):
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(I.2)

Thus calculation of the gradient of G involves ‘delta’s for the derivative instruments in the portfolio. Deltas are normally available from option pricing models used in valuing derivative securities. Deltas are either calculated analytically, e.g., for European options, or numerically, e.g., for models based on binomial trees, finite-difference methods, etc. Numerically deltas are calculated by calling the pricing model twice with slightly different stock price values.

APPENDIX II

FORM probability estimation for a linear portfolio loss function in the standard Gaussian (u-) space

Let us express the linear portfolio loss function, G(U), in terms of k standard Gaussian variates, U1, U2, ……., Uk, as follows:
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(II.1)

Note that all Ui ‘s have zero means and unit standard deviations and are uncorrelated to each other. It then follows that, G(U) is Gaussian  with mean, G = = b0 and standard deviation   
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 EMBED Equation.3  [image: image25.wmf]
The loss probability is given by:

Probability
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(II.2)

where (.) is the cumulative standard Gaussian distribution function.   

Analytic geometry results indicate that the direction cosines of a vector perpendicular to the linear hyper-plane defined by Equation (II.1) and pointing in the direction of decreasing G(U), are given by 
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The distance of the hyper-plane from the origin is given by 
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 and the “design point”, the point on the linear hyper-plane closest to the origin is the foot of the normal vector , whose coordinates are given by u* =  (see Figure 1).  

It then follows that the loss probability given by Equation (II.2) reduces to  (-).   

Appendix III

SORM Corrections

The SORM correction implemented in this work proceed as follows:

1. Calculate the Matrix M of second derivatives 
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 at the design point. 

2. Rotate the k-dimensional u-space coordinate system to obtain a new co-ordinate system such that one of its axes (say the kth) coincides with the vectors u* and  (see Figure 1).  The rotation is achieved through a linear transformation of the form:
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, where R is an orthogonal matrix with  as its last row.   We use the Gramm-Schmidt orthogonalization scheme to find the remaining rows of the Matrix R.    In the rotated coordinate system the fitted paraboloid is of the form:  
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3. The elements of Matrix A are obtained from the second-derivatives matrix M in the new co-ordinate system: 
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4. Factorize (e.g., using Jacobi decomposition) the transformed matrix A. Eigenvalues of the transformed matrix A will be the main curvatures of the limit-state surface at the design point. 

5. The SORM estimate of the loss probability used in this work is based on a 1983 formula by Tvedt (see pp 67, Madsen, Krenk, and Lind, 1986) that utilizes the main curvatures of the fitted parabolic surface calculated in Step 4 above.  The formula is rather cumbersome and the reader is referred directly to the textbook cited.  Other SORM correction formulas, more recent and elegant, are also available in the structural reliability literature.  

APPENDIX IV

Scalar Transformation from x- to u-space

If the cumulative distribution function Fx (.) of a random variable X is known, the transformation from x-space to u-space can be written directly as:

x = T(u) = Fx-1[(u)],








(IV.1)



where (.) is cumulative Gaussian distribution function.

Alternatively, if only the first four marginal moments of X of a leptokurtic (4 > 3) are given, let us seek a functional transformations x = T(u) such that the four moments are preserved.  Let us denote the variable mean byx, standard deviation byx, skewness coefficient by 3x, and kurtosis coefficient by 4x.  A complete description of the treatment described in this appendix, including a transformation for variables with 4 < 3, is given in Winterstein, De, and Bjerager, 1989. 

The transformation can be written in terms of orthogonal Hermite polynomial bases 
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 and the first four moments of the leptokurtic (4 > 3) distribution as:
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where 
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