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1. Models for Closed Form Formula

1.1. Black-Scholes Formula

1.1.1. Application

To analytically calculate the European-style call or put option value

1.1.2. Assumptions

· Geometric Brownian Motion (GBM) assumption: proportional changes in the asset price are assumed to have constant instantaneous drift, (, and volatility, (.

· The asset prices are lognormally distributed. Therefore, returns are normally distributed with mean return of 
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1.1.3. Formula and Notations

· Formula: 
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· Notations:

S: underlying asset price

X: strike price

r: riskless interest rate

b: cost of carry rate

T: time to maturity

(: spot price volatility

ln(.): natural logarithm

N(.): standard cumulative normal distribution function with mean of zero and variance of one.
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Modeling

1.1.5. User-defined Function by Visual Basic Application (VBA) in Excel
Sometimes, it is easier to have a built-in function instead of a model to calculate a B/S call or put value (for instance, to calculate a VaR of a portfolio with options included by Monte Carlo simulation).  Simple VBA codes for functions of B/S call and put option are written here. Use the functions as we usually use excel built-in functions. It is illustrated in the model as “Function Calculated” value.  The VBA code for the Black-Scholes call and put functions are as follows:

· Bscall(): 
Public Function BScall(S, X, r, b, T, sigma) As Single

Dim d1 As Single

Dim d2 As Single

Dim Nd1 As Double

Dim Nd2 As Double

Dim A As Single

A = sigma * T ^ (0.5)

d1 = (Application.Ln(S / X) + (b + 0.5 * sigma ^ 2) * T) / A

d2 = d1 - A

Nd1 = Application.NormSDist(d1)

Nd2 = Application.NormSDist(d2)

BScall = S * Exp((b - r) * T) * Nd1 - X * Exp(-r * T) * Nd2

End Function

· Bsput():
Public Function BSput(S, X, r, b, T, sigma) As Single

Dim d1 As Single

Dim d2 As Single

Dim Nd1 As Double

Dim Nd2 As Double

Dim A As Single

A = sigma * T ^ (0.5)

d1 = (Application.Ln(S / X) + (b + 0.5 * sigma ^ 2) * T) / A

d2 = d1 - A

Nd1 = Application.NormSDist(-d1)

Nd2 = Application.NormSDist(-d2)

BSput = -S * Exp((b - r) * T) * Nd1 + X * Exp(-r * T) * Nd2

End Function

1.2. Black’s Formula

1.2.1. Application

To analytically value a European futures option

1.2.2. Assumptions

· Futures prices are lognormally distributed.

· Futures price volatility is constant.

1.2.3. Formula and Notations

· Formula: 
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· Notations:

K: strike price of the option

t: the time to value the option (at current time, t = 0)

T: option’s maturity time

s: maturity time of a futures contract

(: futures price volatility (same as spot price volatility)

P(t,T): discount factor from T to t
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1.2.5. [image: image75.wmf]Simulation of a GBM Spot Price Path
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1.3. Schwartz Single Factor Model

1.3.1. Application

To analytically value a European futures option with mean-reverting volatilities

1.3.2. Assumption

The spot price follows a mean reverting type of volatilities.

1.3.3. Formula and Notation

· Formula: 
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· Notations:

K: strike price of the option

t: the time to value the option (t = 0 at current time)

T: option’s maturity time

s: maturity time of a futures contract

(: futures price volatility (the same as spot price volatility)

P(t,T): discount factor from T to t

(: mean reversion rate

1.3.4. [image: image76.wmf]Input Parameters

S

0

100

f

100

r

0.05

k

0

s

0.3

g

0.02

D

t

0.000114

(hourly)

Modeling

1.3.5. Option Prices in the Schwartz Single Factor Model for Different Mean Reversion Rates
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2. Price Trajectory Simulation

In order to price option, we need to know the spot price of the underlying asset through time till option expires.  Although no one knows tomorrow’s price exactly, many models have developed trying to describe how asset prices evolve through time.

2.1. Geometric Brownian Motion (GBM):

2.1.1. Assumption

The GBM model assumes asset price (S) changes proportionally to a constant instantaneous drift (() and volatility ((). 

2.1.2. Simulation Equation
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The equation is discretised for simulation as follows:
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where
(: annualized average return (annualized instantaneous drift)


(: spot price volatility


(: ~ N(0,1)

2.1.3. Simulation Process

[image: image78.wmf]A Simulated Jump-Diffusion Path for the Spot Energy Price
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Part of simulation process is:
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Following figure illustrates a simulated GBM path.

2.2. GBM + Jump

2.2.1. Application

Energy prices often exhibit sudden, unexpected and discontinuous changes.  This sudden change, or jump process can be captured in an expanded GBM model in simulation.  The model is described by the following stochastic differential equation:

2.2.2. Simulation Equation
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The equation is discretised for simulation as follows:
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where 
(: average number of jumps per year
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: mean jump size


(: jump volatility, the standard deviation of the proportional jump size


(1, (2: independent standard normal random variables


u: a uniform (0,1) random sample. 
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: the term is taken to be one if the condition is false and zero otherwise.

2.2.3. Simulation Process
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To make sure the frequency of jump is correctly simulated, the time step (t must be small relative to the jump frequency such that ((t  << 1.

[image: image82.wmf]A Simulated Mean Reverting Jump-Diffusion Path for an Electricity Spot
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Part of simulation is illustrated here:

A GBM with jump diffusion path is illustrated here.
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2.3. Mean Reversion + Jump

2.3.1. Application

An important property of energy spot prices is that the spot price mean reverts to the long-term level 
[image: image21.wmf]S

 = e( at a speed given by the mean reversion rate, ( which is taken to be strictly positive.  The mean reversion behavior can be incorporated into the jump-diffusion model. 

2.3.2. Simulation Equation
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The equation is discretised for simulation as follows:
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where 
(: average number of jumps per year
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(1, (2: independent standard normal random variables


u: a uniform (0,1) random sample


(: mean reversion rate
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2.3.3. Simulation Process
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[image: image85.wmf]Option Price in the Black Model for Different Volatilities
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Part of simulation is illustrated here.
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A GBM with mean reverting jump-diffusion path is illustrated here.

3. Monte Carlo Simulation of Schwartz One Factor Model

3.1. One Factor Model (Schwartz) for a European Futures Option

3.1.1. Simulation Equation
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The equation can be discretised as:
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where, 
( is the mean reversion rate
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( is the long-term average return


( is the spot price volatility


( is the market price of the risk
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3.1.2. Other Equations

· Futures Price:
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· Option maturity condition: 
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· Call value:
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3.1.3. [image: image87.wmf]Option Prices in the Schwartz Single Factor Model for Different Mean Reversion 
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Convergence of simple Monte Carlo simulation for a European Futures Option

3.2. Monte Carlo Simulation (with Antithetics) of Schwartz (1997) One Factor Model for a European Future Option

3.2.1. Simulation Equation
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The equation can be discretised as:
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At same time, we also simulate antithetic variable 
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where, 
( is the mean reversion rate
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( is the long-term average return


( is the spot price volatility


( is the market price of the risk
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3.2.2. Other Equations

· Futures Price:
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· Option maturity condition: 
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· Call value:
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3.2.3. Simulation Process

· [image: image90.wmf]Convergence of Simple Monte Carlo Simulation for a European Futures Option
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The call value is only a function of the terminal asset value, and does not depend on the path taken by the asset during the life of the option. Since the drift and volatility terms do not depend on the variable S and t, the discretisation is correct for any time step we choose in this case. We can jump straight to the maturity date of option in a single time step.
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· Convergence of Monte Carlo Simulation with Antithetics for European Futures Option
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3.3. Monte Carlo Simulation of Schwartz (1997) One Factor Model for a European Calendar Spread Option

3.3.1. Simulation Equation
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The equation can be discretised as:
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where, 
( is the mean reversion rate
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( is the long-term average return


( is the spot price volatility


( is the market price of the risk
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3.3.2. Other Equations

· Futures Price:
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· Option maturity condition: 
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· Call value:
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3.3.3. Simulation Process

· [image: image93.wmf]Convergence of Monte Carlo Simulation With Antithetics for European Futures 
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The call value is only a function of the terminal asset value, and does not depend on the path taken by the asset during the life of the option. Since the drift and volatility terms do not depend on the variable S and t, the discretisation is correct for any time step we choose in this case. We can jump straight to the maturity date of option in a single time step.
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3.4. Monte Carlo Simulation of Schwartz (1997) One Factor Model for a European Energy Swaption

3.4.1. Simulation Equation
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The equation can be discretised as:
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where, 
( is the mean reversion rate
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( is the long-term average return


( is the spot price volatility


( is the market price of the risk
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3.4.2. Other Equations

· Futures Price:
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· Swap’s Maturity Time: 
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· Option maturity condition: 
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· Call value:
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3.4.3. Simulation Process
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The call value is only a function of the terminal asset value, and does not depend on the path taken by the asset during the life of the option. Since the drift and volatility terms do not depend on the variable S and t, the discretisation is correct for any time step we choose in this case. We can jump straight to the maturity date of option in a single time step.
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3.5. Monte Carlo Simulation of Schwartz (1997) One Factor Model for a European Futures Option with Seasonal Volatility

3.5.1. Simulation Equation
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The equation can be discretised as:
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where, 
( is the mean reversion rate
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( is the long-term average return


( is the spot price volatility


( is the market price of the risk
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3.5.2. Other Equations

· Futures Price:
[image: image69.wmf])]

1

(

4

ˆ

)

1

(

ln

exp[

)

,

(

)

(

2

2

)

(

)

(

t

s

t

s

t

s

e

e

S

e

s

t

F

-

-

-

-

-

-

-

+

-

+

=

a

a

a

a

s

m


· Option maturity condition: 
[image: image70.wmf]þ

ý

ü

î

í

ì

-

=

å

-

M

k

k

T

K

s

T

F

M

Max

C

1

]

)

,

(

[

1

,

0


· Call value:
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3.5.3. Simulation Process
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Parameters and one simulation trial

The call value depends on the path taken by the asset during the life of the option. Therefore, we cannot jump straight to the maturity date of option in a single time step.
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