Technical Corner

Implied Probability Distributions from Option Prices

By Kenneth Parkhill 

The Black-Scholes formula for option prices assumes that future prices are log-normally distributed.  Markets however, do not impose this restriction on future prices.  Extreme events occur with much greater regularity than the lognormal hypothesis would suggest.  Prices for options on futures are directly related to the market’s view of possible futures prices.  This article presents an approach for estimating the implied probability density function (pdf) for futures prices from option prices observed in the market.  

At expiry the values of call or put options (c and p, respectively) depend only on the futures price (F) and the option strike price (K).  
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With uncertain futures prices, the option value function can be expressed in integral form as a function of possible futures prices, the pdf, and the option strike price.
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With a substitution of variables the option value integrals can be differentiated twice with respect to the strike to derive an implied pdf of futures prices.  The use of this delightful observation in a practical application is complicated by several significant factors.

Prices for options on futures are available with strikes at discrete intervals.  Prices for options with strikes between the discrete intervals must be assumed.  The second derivative of option prices, i.e. the implied pdfs, is strongly dependent on the option value function.  This makes it possible to define multiple pdfs that can explain observed market data.  Some of these pdfs can be dismissed because they are either impossible (containing negative probabilities) or unreasonable (extremely irregular functions).  But other pdfs may not be dismissed so easily.

The other significant complications have to do with the availability of valid option market data.  Options with distant expiry and options on obscure commodities may not be liquid, and few to no current prices may be available to derive implied pdfs.  Implied pdfs can only be derived for those commodities with liquid options markets with a full spectrum of strike prices.  To maximize the use of scarce market data, trends in implied volatility can be calculated iteratively for actively traded options as a function of strike.  Using this function, option prices can be estimated at a much finer resolution of strike prices.  

Figure 2 compares the implied pdf based on prices of options on natural gas futures to the lognormal pdf based on the at-the-money volatility.  Figure 1 was derived from settlement data for the September futures contract reported by NYMEX on May 21, 2001, shown in Figure 2.  In this case, the market data produce an implied pdf that is skewed toward slightly greater future prices than the lognormal distribution would predict.  

Figure 1:
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Figure 2:
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Thanks to Paulo Issler and Tom Barkley for contributing to this article.
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