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INVENTORY MODELS

Basic Inventory Models: 

for a single (non-perishable) item, of Q units ordered from a vendor (EOQ model)  of Q units produced internally using a fixed quantity of Q units produced (EPQ model).  The inventory system is a single-echelon (single location for holding the goods) having an annual holding cost of Ch dollars per item per year (which remains constant over time), with a continuous-time infinite-period planning horizon (orders may be placed at any time and continue forever).  Demand for the item is deterministic (or with very small variance) and occurs at the rate of d units per day (and D units per year) demanded, and the demand rate is independent (of prior demands and quantities ordered, etc.).  The cost of procuring Q units is Co + Ci Q, where Co is the fixed cost of ordering in the EOQ model or the cost of

set-up (setting up the production line) in the EPQ model, and Ci is the (variable) cost per item charged by the vendor in the EOQ model or the item's unit (variable) production cost in the EPQ model.  Lead time (the time between placement of the order and receipt of the units), if any, is a known, deterministic value of t days.  If stockouts are allowed to occur  (e.g., in the EOQ model with backorders, inventory may drop to zero and additional demand is "backordered" until the next delivery), then backorders ("negative inventory") incur a cost of Cs dollars per item backordered per year.

EOQ  [Economic Order Quantity]  Model:

Optimal Order Quantity:


Q* 
  =  (2CoD/Ch)1/2   items/order

Optimal Number of Orders per Year:
N* 
  = D/Q*  orders/year

Optimal Cycle Time:


T* 
  = Q*/D years  =  Q*/d days

 (Time Between Orders)

Annual Total Cost:



TC(Q)  = CoD/Q  +  CiD +  ChQ/2

Optimal Annual Total Cost:

TC(Q*) = CiD  +  (2CoDCh)1/2

Ratio  TC(Q)/TC(Q*):


R(Q)
  = 1/2 (Q*/Q  +  Q/Q*) 

 (of non-optimal to optimal cost)

Reorder Level:



RL
  = (dt) modulo Q

 (for order quantity = Q)
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EPQ  [Economic Production Quantity] Model:

Optimal Production Quantity:


Q* 
  =  [2DCo/Ch]1/2 [P/(P-D)]1/2   items per

  (Optimal "Lot" Size)







   production run

Optimal Number of Runs per Year:

N*
  = D/Q*  orders/year

Optimal Cycle Time:



T*
  = Q*/D years  =  Q*/d  days

  (Time Between Production Runs)

Annual Total Inventory Cost:


TC(Q)  = CoD/Q + CiD +  Ch(1 - D/P)Q/2

Optimal Annual Total Inventory Cost:

TC(Q*) = CiD  +  [2CoDCh(1 - D/P)]1/2

EOQ Model with Backorders (Shortages):
Optimal Order Quantity:


Q*
  =  [2CoD/Ch]1/2  [(Ch + Cs)/Cs]]1/2

Maximum Inventory Level:


S*
  =  [2CoD/Ch ]1/2  [Cs/(Ch + Cs)]1/2

Maximum Number of Backorders:

s*
  = Q* - S*
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Single Period Inventory Model Involving Uncertain Demand (The "Newsboy Problem"):
Consider the following example:


A newsboy sells (news) magazines at a street corner.  He must pay $1.60 (cost/item)


for each magazine (delivered by the publisher) and sells each magazine for $2.50 .


If the newsboy has any magazines left over at the end of the day, the publishing


company will "salvage" them by buying them back for $.20 each -- a new magazine


will be sold on the next day, so leftover magazines are otherwise worthless.


Demand for the magazine at the newsboy's street corner is stochastic with the


following probability distribution on the number of magazines demanded, D:

PRIVATE 
  Number Magazines

     Demanded, d
  Probability

       P(D = d)

       20
        0.20

       21
        0.40

       22
        0.30

       23
        0.10


On the basis of the Expected Money Value Criterion, derive the best order quantity


(to maximize the newsboy's profits).


Solution: (Two solution techniques are discussed;  the second is the inventory model)


(1) Using the EMV approach with a decision/payoff table:

$Profit Payoff Table:






   Order Quantity Decision (# Magazines Ordered)

PRIVATE 
 Demand
Probability
  Q = 20
  Q = 21
  Q = 22
  Q = 23

  D = 20
   0.20
  $18.00
  $16.60
  $15.20
  $13.80

  D = 21
   0.40
  $18.00
  $18.90
  $17.50
  $16.10

  D = 22
   0.30
  $18.00
  $18.90
  $19.80
  $18.40

  D = 23
   0.10
  $18.00
  $18.90
  $19.80
  $20.70

  Expected Money Value:
    $18.00
    $18.44
    $17.96
    $16.79

For example:  If the Newsboy chooses an order quantity  Q = 21, then



 EMV(Q=21) = $16.60(.20) + $18.90(.40) + $18.90(.30) + $18.90(.10)

BASED ON THE EMV's, THE OPTIMAL DECISION IS TO ORDER  Q* = 21
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(2) Using the Single-Period Inventory (Newsboy) Model with Stochastic Demand:


Let
c = procurement cost per item (in this case, a magazine)



h = [disposal cost/item - salvage value/item] for an item leftover



p = shortage cost per item (penalty for being short one unit)



   = lost revenue from missing sale


Consider the following profit function:


   Profit = [Unit (revenue) Price] x [Total Demand] - Procurement Cost 




- [Unit (revenue) Price] x [Any Shortage} 




- [Unit Disposal Cost] x [Any Leftover Units] 



         pD  -  cQ  -  p (D-Q)   if  D > Q



    = {



         pD  -  cQ  -  h (Q-D)   if  D < Q


Thus, we can focus on minimizing the expected costs

(the negative terms in the profit function, and thereby maximize expected 
profit.  The total cost function becomes:






cQ + h (Q-d)  when the actual demand is d < Q




TC(Q) = {






cQ + p (d-Q)  when the actual demand is d > Q


Given a (discrete) probability distribution on demand, we can derive the


Expected Total Cost function as:







 Q


 max D




E{TC(Q)} = cQ  +  ( h(Q-d) P(D=d)  +  ( p(d-Q) P(D=d)







d=0


d=Q+1



(A continuous probability distribution 



 would involve integrating over the 



 density function.)
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Use marginal analysis to test where E{TC(Q)} begins to stop decreasing

(and starts increasing, such that the change in cost turns zero or positive):

(E{TC} = E{TC(Q+1)} - E{TC(Q)} and we want to find Q*  where (E{TC) = 0




 Q+1


  max D


   = c(Q+1) + ( h[(Q+1) - d] P(D=d)  +  ( p[d - (Q+1)] P(D=d)




 d=0


  d=Q+2



      Q


  max D


      - c(Q) - ( h(Q - d) P(D=d)  -  ( p[d - Q] P(D=d)



   d=0


 d=Q+1




Q


    max D


   = cQ +  c  +   ( h[(Q+1) - d] P(D=d)  +   ( p[d - (Q+1)] P(D=d)




d=0


   d=Q+1



        Q


 max D


      - c(Q) - ( h(Q - d) P(D=d)  -  ( p[d - Q] P(D=d)



      d=0


d=Q+1



   Q

  max D


   = c  +  ( h P(D=d)   -    ( p P(D=d)



 d=0
            d=Q+1


   = c  +  h P(D<Q)  -  p P(D>Q)
     Note: P(D>Q) = 1 - P(D<Q)


   = c  +  h P(D<Q)  -  p [1-P(D<Q)]


   = c - p + (p+h)P(D<Q)   

     and Q* will be determined 








     where these terms become > 0

Hence, Q* is determined where:   c - p + (p+h)P(D<Q)  >  0  (at the first such Q*)

(This is where cost begin to rise.)

Therefore,the OPTIMALITY CONDITION is:     









P(D < Q)  ( > )  (p-c)/(p+h)
For the EXAMPLE:
(p-c)/(p+h) = (2.50 - 1.60)/(2.50 + [-.20])  =  .391

and the cumulative probability P(D<Q)  begins to exceed .391  when  Q* = 21.

(Note:  PD<21) = .60,  whereas  P(D<20) is only .20, which falls short of .391 .)

